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Wklv sdshu suhvhqwv d ixoo fkdudfwhul}dwlrq ri wkh htxloleulxp ydoxh vhw ri d Udpvh| wd{
prgho1 Pruh jhqhudoo|/ lw ghyhorsv d g|qdplf surjudpplqj phwkrg iru d fodvv ri srolf|
jdphv ehwzhhq wkh jryhuqphqw dqg d frqwlqxxp ri frqvxphuv1 E| vhohfwlyho| lqfrusrudwlqj
Hxohu frqglwlrqv lqwr d vwudwhjlf g|qdplf surjudpplqj iudphzrun/ zh zhg wzr whfkqrorjlhv
wkdw duh xvxdoo| frqvlghuhg frpshwlqj dowhuqdwlyhv/ uhvxowlqj lq d gudpdwlf vlpsolfdwlrq ri
wkh sureohp1
￿Wklv uhvhdufk zdv vxssruwhg lq sduw e| wkh Qdwlrqdo Vflhqfh Irxqgdwlrq1 Iluvw gudiw= Qryhpehu 4<<91 Wkh
ylhzv h{suhvvhg khuhlq duh wkrvh ri wkh dxwkruv dqg qrw qhfhvvdulo| wkrvh ri wkh Ihghudo Uhvhuyh Edqn ri
Plqqhdsrolv ru wkh Ihghudo Uhvhuyh V|vwhp141 Lqwurgxfwlrq
Wklv sdshu suhvhqwv d ixoo fkdudfwhul}dwlrq ri wkh htxloleulxp ydoxh vhw ri d Udpvh|
wd{ prgho1 Pruh jhqhudoo|/ lw ghyhorsv d g|qdplf surjudpplqj phwkrg iru d fodvv ri srolf|
jdphv ehwzhhq wkh jryhuqphqw dqg d frqwlqxxp ri frqvxphuv1
Vwduwlqj zlwk wkh vhplqdo sdshu ri N|godqg dqg Suhvfrww +4<::,/ wkhuh lv e| qrz d
odujh erg| ri olwhudwxuh ghdolqj zlwk uhsxwdwlrq dqg fuhglelolw| ri jryhuqphqw srolflhv +vhh/
iru h{dpsoh/ Fkdul dqg Nhkrh +4<<3/ 4<<6d/ 4<<6e,/ Shuvvrq/ Shuvvrq dqg Vyhqvvrq +4<;:,/
Urjr +4<;<,/ dqg Vwrnh| +4<;</ 4<<4,,1 D pdlq frqfhuq ri wklv zrun lv wr ghwhuplqh/ iru
h{dpsoh/ wkh h{whqw wr zklfk wkh jryhuqphqw fdq fuhgleo| eruurz prqh| dqg2ru frpplw
wr pd{lpdo ohyhov ri fdslwdo wd{hv1 Prvw ri wkhvh sdshuv kdyh sduwldoo| dgdswhg g|qdplf
surjudpplqj whfkqltxhv ghyhorshg iru uhshdwhg jdphv/ wr ghdo zlwk d vlwxdwlrq lqyroylqj
vwudwhjlfdoo| dqrq|prxv sod|huv/ dqg +vrphwlphv, vwrfn yduldeohv1 Ehfdxvh ri wkh khljkwhqhg
frpsoh{lw| dvvrfldwhg zlwk wkh vwdwh yduldeohv dqg wkh frqwlqxxp ri djhqwv/ prvw sdshuv
kdyh ghdow zlwk gudvwlfdoo| vlpsolhg prghov dqg kdyh uhvwulfwhg dwwhqwlrq wr udwkhu fuxgh
sxqlvkphqw vwudwhjlhv1
Rqh ri wkh pdlq wkuxvwv ri wkh sdshu e| N|godqg dqg Suhvfrww +4<::, zdv wkdw wkh
lqdelolw| ri jryhuqphqwv wr frpplw wr srolflhv pdgh wkh dssolfdwlrq ri rswlpdo frqwuro whfk0
qltxhv wr wkh jryhuqphqw*v rswlpl}dwlrq sureohp lqdssursuldwh1 Rqh pxvw lqvwhdg h{dplqh
srolf| lq wkh frqwh{w ri d g|qdplf jdph1 Wkxv/ wkh dssurdfk ri Deuhx/ Shdufh dqg Vwdffkhwwl
+4<;9/ 4<<3, lv d qdwxudo vwduwlqj srlqw iru d ixoo dqdo|vlv ri prvw srolf| jdphv1 Dwnhvrq
+4<<4, dqg rwkhuv kdyh douhdg| ghprqvwudwhg wkdw vwudwhjlf g|qdplf surjudpplqj fdq lq
sulqflsoh lqfrusrudwh wkh suhvhqfh ri vwdwh yduldeohv +vxfk dv vwrfnv ri fdslwdo ru ghew, dqg
fdq |lhog xvhixo fkdudfwhul}dwlrqv lq vshfldo fdvhv1 Pruh jhqhudoo|/ wudfwdelolw| ehfrphv dpdmru frqfhuq1
D gluhfw h{whqvlrq ri Deuhx/ Shdufh dqg Vwdffkhwwl*v uhvxowv wr wkh pdfur srolf| jdph
vhwwlqj zrxog uhtxluh wkdw hdfk frqvxphu +lq wkh frqwlqxxp ri djhqwv lq wkh hfrqrp|, eh
dvvljqhg d frqwlqxdwlrq ydoxh diwhu hdfk klvwru|/ lq vxfk d zd| wkdw wkhvh ydoxhv surylgh
lqfhqwlyhv iru frqiruplqj wr htxloleulxp ehkdylru/ hyhq rqfh d frqvxphu kdv wkh zurqj
ohyho ri shuvrqdo dvvhwv ehfdxvh vkh glg qrw frqirup lq wkh sdvw1 Lq jhqhudo wklv surgxfhv d
sureohp wkdw lv surklelwlyho| frpsoh{/ hlwkhu iru wkh ghulydwlrqv ri lqwhuhvwlqj surshuwlhv ru
iru qxphulfdo frpsxwdwlrqv1
Zh sursrvh lqvwhdg d pxfk vlpsohu dffrxqwlqj v|vwhp/ zkhuhlq zh rqo| nhhs wudfn
ri wkh pdujlqdo ydoxh ri fdslwdo ri dq krqhvw frqvxphu dqg xvh wkh frqyh{lw| ri wkh
frqvxphuv* g|qdplf frqvxpswlrq sureohp wr qhjohfw frpsohwho| wkh lqfhqwlyhv ri glvkrqhvw
frqvxphuv1 Wkh fuxfldo revhuydwlrq lv wkdw vlqfh hdfk djhqw +rwkhu wkdq wkh jryhuqphqw, lv
dqrq|prxv dqg grhv qrw dhfw wkh sdwk ri sulfhv/ iru dq| jlyhq sulfh sdwk/ wkh krxvhkrog*v
sureohp/ xqolnh wkdw ri wkh jryhuqphqw/ fdq eh wuhdwhg e| vwdqgdug rswlpdo frqwuro wkhru|1
E| vhohfwlyho| lqfrusrudwlqj Hxohu frqglwlrqv lqwr wkh vwudwhjlf g|qdplf surjudpplqj iudph0
zrun/ zh zhg wzr whfkqrorjlhv wkdw duh xvxdoo| frqvlghuhg frpshwlqj dowhuqdwlyhv1 Wkh uhvxow
lv d gudpdwlf vlpsolfdwlrq ri wkh sureohp1
Wkh vshflf prgho zh frqvlghu lv d rqh0vhfwru jurzwk prgho zlwk fdslwdo dqg oderu/
dv zhoo dv d sxeolf jrrg zklfk pxvw eh qdqfhg e| glvwruwlrqdu| wd{hv rq fdslwdo dqg oderu1
Wkh jryhuqphqw lv xqdeoh wr frpplw wr ixwxuh wd{ udwhv1 Dq| wd{ srolf| e| wkh jryhuq0
phqw surgxfhv d g|qdplf hfrqrp|/ dqg dvvrfldwhg zlwk hdfk wd{ srolf| wkhuh lv d Zdoudvldq
htxloleulxp1 Lq d vlplodu prgho/ Fkdul dqg Nhkrh +4<<3, sursrvh d phwkrg iru fkhfnlqj
5zkhwkhu d jryhuqphqw*v wd{ srolf| lv wkh rxwfrph ri d v|pphwulf vhtxhqwldo htxloleulxp=4
lq hyhu| shulrg wkh jryhuqphqw vkrxog qrw eh deoh wr lpsuryh wkh wrwdo ixwxuh zhoiduh ri d
uhsuhvhqwdwlyh frqvxphu e| d fkdqjh lq wkh fxuuhqw shulrg*v wd{ udwhv/ li wklv lv wkhq iroorzhg
e| wkh zruvw vhtxhqwldo htxloleulxp ri wkh hqvxlqj vxejdph1 Wkhuh duh wzr gl!fxowlhv zlwk
wklv dssurdfk1 Iluvw/ lw dvvxphv wkdw rqh fdq hdvlo| frqvwuxfw d zruvw htxloleulxp1 Iru pdq|
lqwhuhvwlqj prghov +lq sduwlfxodu/ iru rxuv,/ d zruvw htxloleulxp lv qrw hdv| wr rewdlq1 Vhfrqg/
wklv phwkrg surylghv qr jxlgdqfh rq krz wr jhqhudwh fdqglgdwh wd{ srolflhv1 Wkh phwkrg lv
yhu| hhfwlyh li doo rqh zdqwv wr gr lv wr fkhfn zkhwkhu wkh uvw0ehvw vroxwlrq fdq eh vxvwdlqhg
lq htxloleulxp1
Lq frqwudvw/ rxu phwkrg ghdov gluhfwo| zlwk wkh zkroh vhw ri htxloleulxp ydoxhv1 Zh
duh wkhq deoh wr fkdudfwhul}h vhfrqg0ehvw wd{ srolflhv zkhq uvw0ehvw srolflhv duh xqdwwdlqdeoh
ehfdxvh wkh glvfrxqw idfwru lv qrw vx!flhqwo| kljk1 Dqrwkhu dgydqwdjh ri rxu dssurdfk lv
wkdw lw doorzv xv wr h{dplqh wkh fuhglelolw| ri wkh sxqlvkphqwv xvhg lq htxloleulxp1 Lq
sduwlfxodu/ zh lqyhvwljdwh wkh vwhdg| vwdwh ri vhfrqg0ehvw htxloleuld1 D fhoheudwhg uhvxow ri
Fkdpoh| +4<;9, dqg Mxgg +4<;8, vwdwhv wkdw zlwk ixoo frpplwphqw/ wkh rswlpdo fdslwdo wd{
udwh frqyhujhv wr 3 lq vwhdg| vwdwh1 Lq rxu dqrq|prxv jdph +zlwkrxw frpplwphqw,/ zkhq wkh
uvw0ehvw wd{ srolf| lv qrw vxvwdlqdeoh lq d vhtxhqwldo htxloleulxp/ li wkh vhfrqg0ehvw srolf|
ohdgv wr d vwhdg| vwdwh lq wkh olplw/ wkh fdslwdo wd{ udwh uhpdlqv erxqghg dzd| iurp 31 Wkh
olplw vwhdg| vwdwh pdlqwdlqv d frqvwdqw fdslwdo vwrfn &r1 Lw wxuqv rxw wkdw wkh olplw vwhdg|
vwdwh srolf| lv d zruvw vxvwdlqdeoh srolf| lq wkh hfrqrp| zkhuh wkh frqvxphuv* lqlwldo fdslwdo
vwrfn lv &r1 Wklv pd| vhhp sdudgr{lfdo dw uvw= Zk| vkrxog wkh frqwlqxdwlrq ri d ehvw
4Fkdul dqg Nhkrh +4<<3, fdoo vxfk dq htxloleulxp d vxvwdlqdeoh htxloleulxp1 Zh suhihu wr nhhs wkh whupl0
qrorj| iurp jdph wkhru|/ dv wkh fodvv ri dqrq|prxv jdphv lqyhvwljdwhg khuh fdq eh ylhzhg dv dq h{whqvlrq
ri wkh vwdqgdug fodvv ri g|qdplf jdphv1
6vxvwdlqdeoh srolf| eh d zruvw vxvwdlqdeoh srolf|B Zh vkrz wkdw/ vwduwlqj zlwk wkh fdslwdo
vwrfn &r/ wkh olplw srolf| lv lq d vhqvh erwk d zruvw dqg d ehvw vxvwdlqdeoh srolf|1 Lw lv d ehvw
htxloleulxp srolf| vxemhfw wr wkh frqvwudlqw wkdw wkh uhvxowlqj pdujlqdo ydoxh ri fdslwdo lq
wkh uvw shulrg lv deryh d fhuwdlq fulwlfdo ohyho/ exw lw lv d zruvw srolf| li wkh jryhuqphqw lv
iuhh iurp vxfk d frqvwudlqw1 Wkh fulwlfdo ohyho ri wkh pdujlqdo ydoxh ri fdslwdo lv vxfk wkdw/
vwduwlqj zlwk &r/ li wkh djhqwv h{shfw wkh vdph pdujlqdo ydoxh ri fdslwdo lq wkh vhfrqg shulrg/
wkhlu vdylqjv pdwfk wkh fdslwdo ghsuhfldwlrq/ dqg wkh ohyho ri fdslwdo lv edfn wr &r dw wkh hqg
ri wkh shulrg1
Ilqdoo|/ zh h{whqg wkh dojrulwkp sursrvhg e| Deuhx/ Shdufh dqg Vwdffkhwwl +4<<3, iru
lqqlwho| uhshdwhg jdphv zlwk d qlwh qxpehu ri sod|huv wr rxu fxuuhqw g|qdplf dqrq|prxv
jdph1 Zh kdyh lpsohphqwhg wkh dojrulwkp rq wkh frpsxwhu dqg h{solflwo| fdofxodwhg wkh
htxloleulxp ydoxh fruuhvsrqghqfh iru ydulrxv sdudphwhu vshflfdwlrqv1 Frqnolq dqg Mxgg
+4<<9, sursrvh d vlplodu dojrulwkp iru g|qdplf jdphv zlwk d qlwh qxpehu ri sod|huv1 Zkloh
wkh| xvh dq lqwhuqdo dssur{lpdwlrq wr wkh ydoxh fruuhvsrqghqfh/ rxu frpsxwhu lpsohphq0
wdwlrq xvhv dq h{whuqdo dssur{lpdwlrq1
Wzr rwkhu sdshuv ghvhuyh sduwlfxodu phqwlrq1 Iluvw/ lqghshqghqw zrun ri Fkdqj +4<<;,
frqvlghuv d prqhwdu| prgho zlwkrxw d sk|vlfdo vwdwh dqg ghulyhv phwkrgv vlplodu wr wkrvh
ghyhorshg khuh1 Vhfrqg/ wkh zrun ri Ehqkdele dqg Uxvwlfklql +4<<:, fkdudfwhul}hv wkh ehvw
htxloleulxp ri d vlplodu jdph zlwkrxw frpplwphqw xvlqj qrq0uhfxuvlyh phwkrgv1
Zh lqwurgxfh wkh prgho dqg wkh dvvxpswlrqv lq Vhfwlrq 51 Vhfwlrq 6 fkdudfwhul}hv
wkh Zdoudvldq htxloleuld ri wkh g|qdplf hfrqrp| zkhuh wkh jryhuqphqw wd{ srolf| lv {hg
+exw qrw qhfhvvdulo| vwdwlrqdu|,1 Lq Vhfwlrq 7 zh prgli| wkh jdph dqg lqwurgxfh d sxeolf
udqgrpl}dwlrq ghylfh1 Wklv lv d vwdqgdug prglfdwlrq wr hqvxuh wkdw htxloleulxp ydoxh vhwv
7duh frqyh{ dqg wkxv dyrlg vrph whfkqlfdo gl!fxowlhv1 Lq Vhfwlrq 8 zh ghqh d vhtxhqwldo
htxloleulxp iru rxu dqrq|prxv jdph dqg h{whqg wkh g|qdplf surjudpplqj wrrov ghyhorshg
e| Deuhx/ Shdufh dqg Vwdffkhwwl +4<<3, iru uhshdwhg jdphv1 Zh wkxv duh deoh wr fkdudfwhul}h
wkh htxloleulxp ydoxh fruuhvsrqghqfh1 Lq Vhfwlrq 9 zh vwxg| wkh vwhdg| vwdwh ri vhfrqg0ehvw
htxloleuld1 Vhfwlrq : suhvhqwv dq h{dpsoh/ dqg Vhfwlrq ; frqfoxghv1
51 Wkh Jdph
Zh frqvlghu d g|qdplf jdph zlwk d ehqhyrohqw jryhuqphqw dqg d frqwlqxxp ri lghq0
wlfdo krxvhkrogv/ uhsuhvhqwhg e| wkh lqwhuydo dfco15 Wkhuh lv d vlqjoh frqvxpswlrq jrrg wkdw
lv surgxfhg zlwk d frqvwdqw uhwxuqv wr vfdoh whfkqrorj|1 Li fdslwdo dqg oderu shu fdslwd duh g
dqg u/ wkhq rxwsxw shu fdslwd lv sEgcu1 Dw wkh ehjlqqlqj ri hyhu| shulrg |/ hdfk krxvhkrog
lv hqgrzhg zlwk 4 xqlw ri oderu0ohlvxuh/ dqg wkh jryhuqphqw fkrrvhv wkh fdslwdo wd{ udwh &c|
dqg oderu wd{ udwh ￿c| lq wkh lqwhuydo dco1 Wkhq wkh krxvhkrogv vlpxowdqhrxvo| fkrrvh wkhlu
oderu lqsxw1 Jlyhq wkh djjuhjdwh fdslwdo +lqyhvwhg lq wkh suhylrxv shulrg, dqg oderu lqsxw/
wkh pdunhw ghwhuplqhv frpshwlwlyh sulfhv iru wkh frqvxpswlrq jrrg +qxphudluh,/ fdslwdo/ dqg
oderu1 Ilqdoo|/ hdfk krxvhkrog lqghshqghqwo| fkrrvhv frqvxpswlrq dqg wkh dprxqw ri wkh
jrrg lw vwruhv +fdslwdo, iru surgxfwlrq lq wkh qh{w shulrg1 Fdslwdo ixoo| ghsuhfldwhv hdfk
shulrg/6 dqg wkh wrwdolw| ri wd{ uhyhqxh lv xvhg e| wkh jryhuqphqw wr qdqfh d sxeolf jrrg
shulrg e| shulrg1
Li d krxvhkrog frqvxphv wkh vwuhdp iE|cS |cC |j"
|’f ri oderu/ frqvxpswlrq jrrg/ dqg
5Wkh lqwhuydo ^3>4` lv hqgrzhg zlwk wkh vwdqgdug Ohehvjxh phdvxuh1
6Zh pdnh wklv dvvxpswlrq wr nhhs wkh dqdo|vlv vlpsoh> rxu uhvxowv fdq eh h{whqghg wr wkh fdvh zkhuh wkh
ghsuhfldwlrq udwh lv ohvv wkdq 4 dqg lqyhvwphqwv duh luuhyhuvleoh1





zkhuh q 5 Efc lv wkh glvfrxqw idfwru1 Doo krxvhkrogv kdyh wkh vdph suhihuhqfhv1 Krxvh0
krogv duh vwudwhjlfdoo| dqrq|prxv> wkdw lv/ wkhlu lqglylgxdo dfwlrqv fdqqrw eh revhuyhg/ dqg
wkh jryhuqphqw fdq rqo| uhdfw wr lwv rzq sdvw dfwlrqv dqg wr sdvw glvwulexwlrqv ri frqvxps0
wlrq/ fdslwdo dqg oderu/ doo ri zklfk duh sxeolfo| revhuyhg1 Wkh jryhuqphqw*v remhfwlyh lv wr
pd{lpl}h wkh wrwdo glvfrxqwhg xwlolw| ri d uhsuhvhqwdwlyh krxvhkrog1
Ohw KE&f ghqrwh wkh g|qdplf jdph ehwzhhq wkh jryhuqphqw dqg wkh krxvhkrogv zkhq
doo wkh krxvhkrogv/ h{fhsw shukdsv iru d vxevhw ri phdvxuh 3/ duh hqgrzhg zlwk lqlwldo fdslwdo
ri &f1 Vlqfh zh uhvwulfw dwwhqwlrq wr v|pphwulf vwudwhj| htxloleuld +zkhuh doo krxvhkrogv pdnh
wkh vdph fkrlfhv dorqj wkh htxloleulxp sdwk,/ zh zloo qrw qhhg wr h{solflwo| frqvlghu vlwxdwlrqv
zkhuh dw wkh ehjlqqlqj ri d shulrg wkhuh lv d qrqwulyldo glvwulexwlrq ri fdslwdo1
Dvvxpswlrqv= Wkh iroorzlqj dvvxpswlrqv zloo eh lq irufh wkurxjkrxw wkh sdshu=
+D4, f   	 	17
+D5, } G +n $ + dqg  Gd f c  +n $ + duh frqwlqxrxvo| glhuhqwldeoh/ } lv frqfdyh dqg
lqfuhdvlqj/ dqg EcS lv frqfdyh +mrlqwo| lq  dqg S,/ lqfuhdvlqj lq S/ dqg ghfuhdvlqj lq
1 Pruhryhu/ }Ef ' f/ dqg wkhuh h{lvwv LS 5 + vxfk wkdw iru doo  5 dfc dqg S 5 +n/
SEcf  LSc ?u
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SE
￿cS : fc dqg ￿Efcf ' f
7Lw lv srvvleoh wr fkrrvh  ? 31 Exw rxu prgho grhv qrw doorz iru wkh srvvlelolw| ri wkh jryhuqphqw
eruurzlqj ru ohqglqj/ dqg wkxv wkh jryhuqphqw*v uhyhqxh pxvw eh qrqqhjdwlyh lq hyhu| shulrg1 Khqfh/ li
 ? 3/ wkh jryhuqphqw frxog/ iru h{dpsoh/ vxevlgl}h oderu zlwk uhyhqxhv iurp wkh fdslwdo wd{1 Krzhyhu/ wklv
lqwurgxfhv dq dgglwlrqdo gl!fxow|/ zklfk zh kdyh suhihuuhg wr dyrlg1 Vlqfh wd{ udwhv duh dqqrxqfhg ehiruh
wkh krxvhkrogv pdnh wkhlu ghflvlrqv/ lw lv srvvleoh wkdw zkhq wkh jryhuqphqw lv suhsduhg wr vxevlgl}h oderu
+ru fdslwdo,/ lw grhvq*w froohfw hqrxjk wd{ uhyhqxh wr nhhs xs lwv surplvh1 Wkxv/ wr doorz iru  ? 3/z hz r x o g
kdyh wr fkrrvh vrph irup ri udwlrqlqj iru wkrvh frqwlqjhqflhv1
9+D6, s G +2
n $ +n lv vwulfwo| frqfdyh dqg krprjhqhrxv ri ghjuhh 4 dqg lv frqwlqxrxvo|
glhuhqwldeoh lq wkh lqwhulru ri +2
n1 Iru doo E&c 5 lqwE+2
n/ sEfc'sE&cf 'f /






Wkh dvvxpswlrq wkdw 	 suhfoxghv d sduwlfxoduo| edg htxloleulxp1 Li  ' /w k h
krxvhkrogv pd| wklqn diwhu d ghyldwlrq e| wkh jryhuqphqw wkdw wkh jryhuqphqw lqwhqgv wr
lpsrvh fdslwdo wd{hv ri 433( qh{w shulrg1 Zlwk wkrvh eholhiv/ wkh| zrxog rswlpdoo| fkrrvh wr
pdnh qr fdslwdo lqyhvwphqwv/ zklfk lq wkh fdvh ri ixoo ghsuhfldwlrq zrxog uhvxow lq d fdslwdo
vwrfn htxdo wr 31 Wkhq/ e| +D6,/ rxwsxw zrxog eh 3 lq hyhu| ixwxuh shulrg/ dqg zkdw wd{hv
duh hyhqwxdoo| lpsrvhg e| wkh jryhuqphqw zrxog eh luuhohydqw= wkh hfrqrp| zrxog fhdvh
wr h{lvw1 Dowkrxjk wklv edg rxwfrph vdwlvhv wkh vhtxhqwldo htxloleulxp uhtxluhphqwv/ zh
eholhyh lw lv qrw sodxvleoh1 Lqwxlwlyho|/ rqh ihhov wklv htxloleulxp odfnv uhqhjrwldwlrq0surriqhvv1
Lq wkh devhqfh ri dq| vwudljkwiruzdug jhqhudol}dwlrq wr g|qdplf jdphv ri wkh ghqlwlrq ri
uhqhjrwldwlrq0surriqhvv lq uhshdwhg jdphv vxjjhvwhg e| Shdufh +4<;:,/ zh vlpso| holplqdwh
wklv htxloleulxp e| lpsrvlqj d jurvv xsshu erxqg rq fdslwdo wd{ udwhv1
Lq dvvxpswlrq +D5,/ ￿Efcf 'flv uhtxluhg wr hqvxuh wkdw lq htxloleulxp/ oderu dqg
frqvxpswlrq duh srvlwlyh1 Wkh frqglwlrq SEcf  LS jxdudqwhhv wkdw iru wkh krxvhkrog*v
rswlpl}dwlrq sureohp/ dq| sdwk ri +oderu/ frqvxpswlrq/ lqyhvwphqw, wkdw lv orfdoo| rswlpdo
dovr vdwlvhv d wudqvyhuvdolw| frqglwlrq +vhh Ohppd 7 ehorz,1 Wkxv/ orfdo rswlpdolw| lv vx!0
flhqw iru joredo rswlpdolw|1 Wkh ixqfwlrq  lv dvvxphg wr eh frqwlqxrxvo| glhuhqwldeoh rqo|
lq dfc  +n wr doorz iru wkh srvvlelolw| wkdw dv  $ / hlwkhu EcS ru ￿EcS whqgv wr
41 Krzhyhu/ zh uhtxluh wkdw wkh pdujlqdo xwlolw| ri frqvxpswlrq iru d {hg S lv xqlirupo|
:erxqghg dzd| iurp 3 iru  5 dfc1
Dvvxpswlrq +D6, lpsolhv wkdw lq d frpshwlwlyh htxloleulxp/ wkh up+v, rshudwhv dw
}hur surwv/ dqg wkxv lw lv xqqhfhvvdu| wr vshfli| rzqhuvkls1 Lw dovr lpsolhv wkdw frpshwlwlyh
sulfhv lq d shulrg duh frpsohwho| ghwhuplqhg e| wkh vxsso| ri fdslwdo dqg oderu1 Wkxv/ li lq
shulrg |/ wkh fdslwdo dqg oderu shu fdslwd duh uhvshfwlyho| g| dqg u|/w k h q
R&c| ' s&Eg|cu | dqg R￿c| ' s￿Eg|cu |
Wkh vhfrqg sduw ri +D6, lpsolhv wkdw iru dq| {hg  5 dfco/ wkhuh h{lvwv 	 & vxfk wkdw sE&c :&
iru doo &		 & dqg sE&c 	&iru doo &:	 &/ dqg wkh judsk ri sEc furvvhv wkh 78 ghjuhh olqh
dw 	 &1 Wkh vwdqgdug Free0Grxjodv surgxfwlrq ixqfwlrq vdwlvhv +D6,1
Ghilqlwlrq= Ohw & eh wkh pd{lpdo vxvwdlqdeoh fdslwdo vwrfn lq vwhdg| vwdwh1 Wkdw lv/ & lv
wkh vroxwlrq ri wkh htxdwlrq & ' sE&c +zkhq oderu vxsso| lv pd{lpdo,1 & dovr uhsuhvhqwv
wkh pd{lpdo srvvleoh rxwsxw zkhq wkh lqlwldo fdslwdo lv qr pruh wkdq &1
Xqiruwxqdwho|/ wkh uvw sduw ri +D5, +wkdw pdujlqdo xwlolw| ri frqvxpswlrq dw S 'f
lv erxqghg, uxohv rxw vrph frpprqo| xvhg xwlolw| ixqfwlrqv1 Zh qhhg wklv dvvxpswlrq lq
Ohppdv 6 dqg 7 ehorz1 Krzhyhu/ wkhvh ohppdv dovr krog xqghu glhuhqw dvvxpswlrqv1 Iru







4 nE  k
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￿
4 E:fcf 	k	c4 fc
zkhuh  Gd f c $ + lv d ghfuhdvlqj/ frqfdyh ixqfwlrq/ zlwk *4￿<￿ E'41 +Qrwh wkdw
zkhq 4 'f / sE&c'&k￿3k1,
;Lq wklv sdshu zh vwxg| h{foxvlyho| v|pphwulf vwudwhj| surohv/ zkhuh doo krxvhkrogv
fkrrvh wkh vdph dfwlrqv +dorqj wkh htxloleulxp sdwk,1 D v|pphwulf vwudwhj| suroh iru KE&f
lv d sdlu ri vwudwhjlhv j 'E j￿cj C1 Iru hdfk |/ wkh vwudwhj| jC iru wkh jryhuqphqw vshflhv
E&c|c￿c| 5 dco2 dv d ixqfwlrq jCE| ri wkh sxeolfo| revhuyhg klvwru| |3￿ G' Efcc |3￿/
zkhuh
r G' E&crc￿crc rcS rc& rn￿cr 'f cc| 
+Zkhq | 'f / 3￿ ' > lv wkh hpsw| klvwru|1, Lq wklv qrwdwlrq/ ErcS rc& rn￿ vshflhv wkh
dyhudjh ydoxhv ri oderu/ frqvxpswlrq/ dqg vdylqj dw gdwh r1 Vlploduo|/ wkh vwudwhj| j￿ iru wkh
krxvhkrogv +ru frqvxphuv,/ vshflhv | dqg ES|c& |n￿ dv d ixqfwlrq ri wkh h{sdqghg klvwrulhv
E|3￿c&c|c￿c| dqg E|3￿c&c|c￿c|cR &c|cR ￿c| uhvshfwlyho|/ zkhuh ER&c|cR ￿c|c lv wkh frpshwlwlyh
sulfh yhfwru iru fdslwdo/ oderu/ dqg wkh frqvxpswlrq jrrg lq shulrg |1 Wkh fkrlfhv dydlodeoh
wr wkh krxvhkrog duh olplwhg e| wkh qrqqhjdwlylw| frqvwudlqwv dqg wkh exgjhw frqvwudlqw=
f  |  c f  S|c f  &|n￿c dqg
S| n &|n￿ 'E  &c|R&c|&| nE  ￿c|R￿c||
Ohw PE&f'P ￿E&f  PCE&f ghqrwh wkh vhw ri doo v|pphwulf vwudwhj| surohv iru KE&f1
D vwudwhj| suroh j 5 PE&f lqgxfwlyho| jhqhudwhv d xqltxh rxwfrph sdwk +ru wudmhf0
wru|, iE&c|c￿c|c |cS |c& |n￿j"
|’f iru wkh hfrqrp| dv iroorzv1 Iru hdfk |  f/o h w
E&c|c￿c|G ' jCE|E
|3￿ dqg | G' j￿￿E|E
|3￿c&c|c￿c|c
R&c| G' s&E&|c | dqg R￿c| G' s￿E&|c |c
ES|c& |n￿G ' j￿2E|E
|3￿c&c|c￿c|cR &c|cR ￿c|c dqg
<
| G' E
|3￿c&c|c￿c|c |cS |c& |n￿
Wkh pdujlqdo ydoxh ri fdslwdo dvvrfldwhg zlwk j lv
x￿E&fcjG 'E  &cfs&E&fc fSEfcS f
Wklv uhsuhvhqwv wkh lqfuhdvh lq wkh krxvhkrog*v xwlolw| kdg lw vwduwhg zlwk dq dgglwlrqdo xqlw
ri fdslwdo dqg vshqw doo wkh dgglwlrqdo lqfrph rq frqvxpswlrq lq shulrg 31 Wkh ydoxh ri j
+wkdw lv/ wkh jryhuqphqw*v qrupdol}hg wrwdo glvfrxqwhg sd|r, lv8




| dE|cS |n}E&c|R&c|&| n ￿c|R￿c||o
Ilqdoo|/ zh ohw xE&fcjG 'E x ￿E&fcjcxCE&fcj1
Dv irupxodwhg deryh/ d v|pphwulf vwudwhj| suroh lv dq lqfrpsohwh vshflfdwlrq ri
wkh vwudwhjlhv iru wkh jryhuqphqw dqg krxvhkrogv1 Iluvw/ lw grhv qrw vshfli| ehkdylru iru
d krxvhkrog wkdw kdv ghyldwhg lq wkh sdvw dqg wkxv pd| kdyh d glhuhqw ohyho ri fdslwdo
wkdq wkh rwkhu krxvhkrogv1 Vhfrqg/ e| vshfli|lqj wkh klvwru| lq whupv ri sdvw phdq ohyhov ri
frqvxpswlrq/ oderu/ dqg fdslwdo/ zh duh qrw doorzlqj wkh jryhuqphqw*v vwudwhj| wr ghshqg rq
ghyldwlrqv e| krxvhkrogv zklfk dhfw dq revhuyhg glvwulexwlrq exw qrw lwv phdq1 Krzhyhu/
rxu dqdo|vlv frqfhuqv vhtxhqwldo htxloleuld rqo|/ zkhuh pxowlsoh ghyldwlrqv duh luuhohydqw iru
fkhfnlqj wkh lqfhqwlyhv ri wkh sod|huv1 Vlqfh d ghyldwlrq e| d vlqjoh krxvhkrog lv xqrevhuydeoh
e| wkh jryhuqphqw +dqg wkh rwkhu krxvhkrogv,/ lw grhv qrw fkdqjh wkh sxeolf klvwru|/ dqg wkxv
lw grhv qrw fkdqjh wkh ixwxuh ehkdylru ri wkh jryhuqphqw ru wkh rwkhu krxvhkrogv1 Khqfh/
zkhq fkhfnlqj wkh lqfhqwlyhv ri d ghyldqw krxvhkrog/ zh zloo dvvxph wkdw wkh rxwfrph sdwk
8Wkh qrupdol}dwlrq wudqvodwhv wkh glvfrxqwhg vxp ri sd|rv lqwr d zhljkwhg dyhudjh/ zlwk zhljkwv +4,
w
wkdw dgg xs wr 41 Wklv pdnhv wkh ydoxh ri  frpsdudeoh zlwk wkh sd|rv uhfhlyhg lq dq| shulrg dqg vlpsolhv
rxu qrwdwlrq ehorz1 Krzhyhu/ zh gr qrw qrupdol}h wkh sd|rv ri wkh krxvhkrog ehfdxvh zlwk qrupdol}dwlrq/
wkh pdujlqdo ydoxh ri fdslwdo zrxog kdyh wr eh pxowlsolhg e| wkh idfwru +4  ,1
43+lq sduwlfxodu/ wd{hv dqg sulfhv, uhpdlq wkh vdph dqg wkdw wkh ghyldqw krxvhkrog rswlpl}hv
lwv ixwxuh lqwhuwhpsrudo fkrlfhv jlyhq lwv rzq fdslwdo vwrfn1 Lw lv suhflvho| wkh lqdelolw| ri d
krxvhkrog wr xqlodwhudoo| fkdqjh wkh klvwru| wkdw doorzv xv wr h{suhvv lwv lqfhqwlyh frqvwudlqwv
zlwk dssursuldwh Hxohu frqglwlrqv1 Vlploduo|/ vlpxowdqhrxv ghyldwlrqv wkdw dhfw revhuydeoh
glvwulexwlrqv exw qrw wkhlu phdqv duh luuhohydqw/ dqg/ zlwkrxw orvv ri jhqhudolw|/ zh fdq uhvwulfw
dwwhqwlrq wr vwudwhjlhv wkdw rqo| uhdfw wr wkh w|sh ri klvwrulhv zh kdyh vshflhg1 Ixuwkhu/ zh
frxog uhvwulfw dwwhqwlrq wr vwudwhjlhv wkdw rqo| ghshqg rq wkh sdvw klvwru| ri jryhuqphqw*v
ghflvlrqv dqg ghqh r wr eh mxvw E&crc￿cr1 Krzhyhu/ zh nhhs rxu ruljlqdo qrwdwlrq dv d
vlpsohu errnnhhslqj ghylfh1
D krxvhkrog pdnhv lwv ghflvlrq ri oderu lqsxw lpphgldwho| diwhu nqrzlqj wkh wd{
udwhv1 Zkloh qr krxvhkrog vhhv lwvhoi dv dhfwlqj wkh zdjh udwh ru wkh uhqwdo udwh ri fdslwdo/
wkh frpprq fkrlfh ri oderu lqsxw ghwhuplqhv wkhvh ydoxhv/ dqg wkxv wkh krxvhkrog exgjhw
vhw uhjduglqj wkh frqvxpswlrq2vdylqjv ghflvlrq dv zhoo1 Krzhyhu/ vlqfh wkh jryhuqphqw grhv
qrw jhw wr pryh ehwzhhq wkh krxvhkrogv* ghflvlrqv ri oderu lqsxw dqg wkh krxvhkrogv* frq0
vxpswlrq2vdylqjv ghflvlrqv/ lw zloo eh frqyhqlhqw vrphwlphv wr ylhz wkh vwudwhj| j￿ iru wkh
krxvhkrog dv li lw ghwhuplqhg E|cS |c& |n￿ vlpxowdqhrxvo| dv d ixqfwlrq ri E|3￿c&c|c￿c|1L q
wklv fdvh zh zloo vlpso| zulwh E|cS |c& |n￿'j￿E|E|3￿c&c|c￿c|1
Wkh iroorzlqj whfkqlfdo ohppd zloo eh xvhixo wr rewdlq vhyhudo erxqgv1 Zh zloo dvvxph
odwhu wkdw wkh lqlwldo fdslwdo vwrfn &f lv ohvv wkdq ru htxdo wr &1 Lq wklv fdvh/ wkh ohppd
hvwdeolvkhv wkdw wkh vhtxhqfh ri fdslwdo vwrfnv i&|j jhqhudwhg e| dq| v|pphwulf vwudwhj|
suroh lv xqlirupo| erxqghg deryh e| &1
Ohppd 41 Ohw j eh d v|pphwulf vwudwhj| suroh iru KE&f/ zlwk rxwfrph sdwk
44iE&c|c￿c|c |cS |c& |n￿j"
|’f1 Wkhq/ &|  4@  i&fc&j iru doo |  1
Surri1 Frqvlghu wkh vlwxdwlrq zkhuh hyhu| krxvhkrog vshqgv doo lwv wlph zrunlqj dqg uhlqyhvwv
doo wkh rxwsxw lw jhwv +wkdw lv/ lw frqvxphv qrwklqj,1 Reylrxvo|/ wkh vhtxhqfh ri fdslwdov +shu
fdslwd, ig|j"
|’f jhqhudwhg e| wklv surfhvv erxqgv wkh vhtxhqfh i&|j"
|’f jhqhudwhg e| j1 Wkdw
lv/ f  &|  g|1 E| +D6,/ zh dovr kdyh wkdw iru hdfk |  f/
g|n￿ ' sEg|c  4@  ig|c&j4@  igfc&j
Pruh vshflfdoo|/ li gf  &/ wkh vhtxhqfh ig|j lqfuhdvhv prqrwrqlfdoo| wr &/d q gl igf  &/
wkh vhtxhqfh ghfuhdvhv prqrwrqlfdoo| wr &1
Iru hdfk |  f/ ohw ME&fc| ghqrwh wkh froohfwlrq ri doo E| n  0shulrg klvwrulhv | wkdw
fdq eh jhqhudwhg e| vrph v|pphwulf vwudwhj| suroh j ri KE&f1 Lw lv dovr frqyhqlhqw wr
ghqh ME&fc G' i>j dqg ME&fG '
V"
|’3￿ ME&fc|1 Iru dq| | 5 ME&fc|/o h wVE&fc |
ghqrwh wkh fxuuhqw fdslwdo vwrfn diwhu klvwru| |1 Wkdw lv/ li | 'E fcc | dqg | '
E&c|c￿c|c |cS |c& |n￿/w k h qVE&fc |'&|n￿1L i| ' /w k h qVE&fc>'&f1
D vwudwhj| suroh j lqgxfhv diwhu dq| klvwru| | 5 ME&fc| d +v|pphwulf, vwudwhj|
suroh jm￿| 5 PEVE&fc |1 Iru doo r  f/ r3￿ 5 MEVE&fc |cr /d q gE&c|c￿c| 5 dco2/
jCm￿|ErE




r3￿c&c|nrc￿c|nrG ' j￿E| n rE
|c
r3￿c&c|nrc￿c|nr
Wkdw lv/ jm￿| jhqhudwhv lq shulrg r/ diwhu klvwru| r3￿/ wkh vdph dfwlrqv dv wkh vwudwhj| j
jhqhudwhv lq shulrg | n r/ diwhu wkh klvwru| | iroorzhg e| wkh klvwru| r3￿1
4561 Zdoudvldq Htxloleuld
Lq wklv vhfwlrq zh fkdudfwhul}h wkh Zdoudvldq htxloleulxp ri wkh g|qdplf hfrqrp| lq
zklfk d wd{ srolf| lv duelwudulo| vshflhg1 Dowkrxjk lq rxu jdph wkh jryhuqphqw grhv qrw
kdyh wklv frpplwphqw srzhu/ dorqj wkh htxloleulxp sdwk/ wkh krxvhkrogv dfw dv li wkh jryhuq0
phqw kdg hvwdeolvkhg vxfk d srolf|1 Wkxv/ frqvlghulqj duelwudu| srolflhv  ' iE&c|c￿c|j"
|’f
surgxfhv dq dx{loldu| sureohp wkdw lv xvhixo lq fkdudfwhul}lqj wkh vhtxhqwldo htxloleuld ri
KE&f1 Wklv dx{loldu| sureohp doorzv xv wr irfxv hqwluho| rq wkh lqwhuwhpsrudo lqfhqwlyhv ri
wkh krxvhkrog1
Ghilqlwlrq= D wd{ srolf|  ' iE&c|c￿c|j"
|’f lv ihdvleoh li E&c|c￿c| 5 dco2 iru doo |  f1
Ghilqlwlrq= Ohw K‘E&fc ghqrwh wkh g|qdplf Zdoudvldq hfrqrp| zkhuh hdfk krxvhkrog
lv hqgrzhg zlwk &f lq shulrg 3/ dqg wkh jryhuqphqw wd{ srolf| lv {hg dw 1 D v|pphwulf
Zdoudvldq htxloleulxp iru K‘E&fc lv d vhtxhqfh iEE|cS |c& |n￿cER&c|cR ￿c|j"
|’f ri frqvxpswlrq
exqgohv dqg sulfh yhfwruv vxfk wkdw
R&c| ' s&E&|c |cR ￿c| ' s￿E&|c |c
iru doo |  f/ dqg wkh frqvxpswlrq vhtxhqfh iE|cS |c& |n￿j|Df vroyhv wkh iroorzlqj rswlpl}dwlrq
sureohp





v1w1 f  |  c f  S|c f  &|n￿c dqg
S| n &|n￿ 'E  &c|R&c|&| nE  ￿c|R￿c||c|  f
Vlqfh wkh sulfhv duh xqltxho| ghwhuplqhg e| wkh pdujlqdo surgxfwlylw| ri fdslwdo dqg
oderu/ vrphwlphv zh zloo rplw wkhp dqg vlpso| vshfli| d Zdoudvldq htxloleulxp e| wkh frq0
46vxpswlrq vhtxhqfh iE|cS |c& |n￿j"
|’f1
Lw dsshduv wkdw iru d krxvhkrog wr eh deoh wr pdnh lwv rswlpdo fkrlfhv ri frqvxpswlrq
dqg lqyhvwphqw lq shulrg |/ lw qhhgv wr fruuhfwo| dqwlflsdwh zkdw wkh rwkhu krxvhkrogv zloo
gr lq doo ixwxuh shulrgv +lqfoxglqj |,/ ehfdxvh wkh krxvhkrog qhhgv wr dqwlflsdwh fxuuhqw
dqg ixwxuh sulfhv iru oderu/ fdslwdo/ dqg frqvxpswlrq1 Wkh ixwxuh ydoxhv ri wd{hv dqg sulfhv/
krzhyhu/ dhfw fxuuhqw ghflvlrqv rqo| wr wkh h{whqw wkdw wkh| dhfw wkh qh{w shulrg*v pdujlqdo
ydoxh ri fdslwdo
6|n￿ G' E  &c|n￿R&c|n￿SE|n￿cS |n￿
Wkdw lv/ fruuhfwo| suhglfwlqj wkh fxuuhqw sulfhv ER&c|cR ￿c| dv zhoo dv qh{w shulrg*v pdujlqdo
ydoxh ri fdslwdo/ 6|n￿ lv vx!flhqw iru wkh krxvhkrog wr pdnh rswlpdo shulrg | ghflvlrqv1
Jlyhq fdslwdo &|/ dqg suhglfwlrqv iru ER&c|cR ￿c| dqg 6|n￿/ d krxvhkrog*v wlph | sureohp ryhu
E|cS |c& |n￿ fdq eh vwdwhg dv
E|4 @   E|cS |nq6|n￿&|n￿
v1w1 f  |  c f  S|c f  &|n￿c dqg
S| n &|n￿ 'E  &c|R&c|&| nE  ￿c|R￿c||
Lq E|/ wkh yduldeoh S| fdq eh holplqdwhg xvlqj wkh exgjhw frqvwudlqw1 Wkhq/ sureohp E|
fdq eh uhzulwwhq dv iroorzv=
E|4 @   E|cE  &c|R&c|&| nE  ￿c|R￿c||  &|n￿nq6|n￿&|n￿
v1w1 f  |  c dqg
f  &|n￿  E  &c|R&c|&| nE  ￿c|R￿c||
47Ghqrwh e| 8E&|c&c|c￿c|c6 |n￿cR &c|cR ￿c| wkh vhw ri doo ihdvleoh sdluv E|c& |n￿ iru sureohp
E| +zlwk S| holplqdwhg,19 Fohduo|/ 8E&|c&c|c￿c|c6 |n￿cR &c|cR ￿c| lv dozd|v d frpsdfw/ frqyh{
sro|khgurq zlwk qrqhpsw| lqwhulru +e| +D4, dqg +D6,,1 Vlqfh  lv frqfdyh/ sureohp E| lv
frqyh{/ dqg d qhfhvvdu| dqg vx!flhqw frqglwlrq iru E|c& |n￿ wr eh rswlpdo lv wkdw
E8d ￿E|cS |nSE|cS |E  ￿c|R￿c|oE  |nd SE|cS |nq6|n￿oE&  &|n￿  f
iru doo ihdvleoh Ec& 5 8E&|c&c|c￿c|c6 |n￿cR &c|cR ￿c|/ zkhuh
S| G' E  &c|R&c|&| nE  ￿c|R￿c||  &|n￿
Ghilqlwlrq= Ohw K7
‘E&|c&c|c￿c|c6 |n￿ eh wkh vwdwlf +rqh0shulrg, hfrqrp| zkhuh hdfk krxvh0
krog kdv dq lqlwldo fdslwdo vwrfn &| dqg wkh jryhuqphqw lpsrvhv wd{hv E&c|c￿c|1W k h
krxvhkrog fkrrvhv frqvxpswlrq exqgohv E|cS |c& |n￿ dqg uhfhlyhv xwlolw| E|cS |nq6|n￿&|n￿
+wkdw lv/ wkh xwlolw| ixqfwlrq lv olqhdu lq wkh hqg0ri0shulrg fdslwdo vwrfn &|n￿,1 Wkh yhfwru
E|cS |c& |n￿cR &c|cR ￿c| lv d +vwdwlf, htxloleulxp iru K7
‘E&|c&c|c￿c|c6 |n￿ li
R&c| ' s&E&|c |cR ￿c| ' s￿E&|c |c dqg
ES|c |c& |n￿ vroyhv sureohp E|
Ohw `.E&|c&c|c￿c|c6 |n￿ ghqrwh wkh froohfwlrq ri doo Zdoudvldq htxloleuld ri wkh vwdwlf hfrq0
rp| K7
‘E&|c&c|c￿c|c6 |n￿1
Lw lv lpphgldwh wr vhh wkdw iEE|cS |c& |n￿cER&c|cR ￿c|j"
|’f lv d Zdoudvldq htxloleulxp ri
9Zlwk dexvh ri qrwdwlrq/ vrphwlphv zh zloo vd| wkdw +cw>f w>n w.4, lv lq I+nw>n>w>c>w>p w.4>s n>w>s c>w, li
+cw>n w.4, 5 I+nw>n>w>c>w>p w.4>s n>w>s c>w, dqg fw @+ 4 n>w,sn>wnw .+ 4 c>w,sc>wcw  nw.41
48K‘E&fc rqo| li iru hdfk |  f/
6|n￿ 'E  &c|n￿R&c|n￿SE|n￿cS |n￿ dqg
E|cS |c& |n￿cR &c|cR ￿c| 5 `.E&|c&c|c￿c|c6 |n￿
Wkh rswlpdolw| frqglwlrqv iru d vwdwlf htxloleulxp duh h{dfwo| wkh Hxohu frqglwlrqv iru
sureohp E1 Wkh qh{w wkuhh ohppdv hvwdeolvk wkh frqyhuvh1
Wkh dujxphqw uhtxluhv xv wr qg d xqlirup xsshu erxqg rq wkh pdujlqdo ydoxh ri
fdslwdo dw dq| shulrg iru doo Zdoudvldq htxloleuld1 Wklv xsshu erxqg doorzv xv wr vkrz wkdw d
fhuwdlq wudqvyhuvdolw| frqglwlrq lv vdwlvhg1 Wr frqvwuxfw vxfk d erxqg/ zh uvw qhhg wr qg
do r z h ue r x q g& : f vxfk wkdw li  lv dq| ihdvleoh wd{ srolf| dqg &f  &/ wkhq wkh fdslwdo
vwrfn wudmhfwru| ri dq| Zdoudvldq htxloleulxp ri K‘E&fc lv erxqghg ehorz e| &1
Ohppd 51 Wkhuh h{lvwv & : f vxfk wkdw iru doo &f 5 d&c&o dqg ihdvleoh wd{ srolf| / hdfk
Zdoudvldq htxloleulxp iE|cS |c& |n￿j"
|’f ri K‘E&fc vdwlvhv &|n￿  & iru doo |  f1
Wkh surri ri Ohppd 5 lv ghihuuhg wr wkh Dsshqgl{1 Lq zkdw iroorzv/ zh zloo rqo|
frqvlghu lqlwldo hqgrzphqwv deryh wkh plqlpxp fdslwdo dvvrfldwhg zlwk Zdoudvldq htxloleuld/
dqg ehorz wkh pd{lpdo vxvwdlqdeoh fdslwdo=
+D7, &f 5 d&c&o1
Ohppd 61 Wkhuh h{lvwv 6	4 vxfk wkdw iru doo &f 5 d&c&o dqg ihdvleoh wd{ srolf|  '
iE&c|c￿c|j"
|’f/ hyhu| Zdoudvldq htxloleulxp iE|cS |c& |n￿j"
|’f ri K‘E&fc vdwlvhv
6| 'E  &c|s&E&|c |SE|cS |  6 iru doo |  f








E| dvvxpswlrq +D5,/ SE|cS |  LS1 Khqfh/ zh fdq fkrrvh
6 G' E  d&*&oLS
Ohppd 71 Jlyhq d ihdvleoh wd{ srolf|  ' iE&c|c￿c|j"
|’f dqg dq lqlwldo fdslwdo vwrfn gf 5
d&c&o/ vxssrvh wkdw wkh vhtxhqfh iEEu|c |cg |n￿cER&c|cR ￿c|j"
|’f lv vxfk wkdw iru hdfk |/
Eu|c |cg |n￿cR &c|cR ￿c| 5 `.E&|c&c|c￿c|c6 |n￿/ zkhuh
6|n￿ G' E  &c|n￿s&Eg|n￿cu |n￿SEu|n￿c |n￿
Wkhq iEu|c |cg |n￿cER&c|cR ￿c|j"
|’f lv d Zdoudvldq htxloleulxp ri K‘Egfc1
Surri1 D o oz hq h h gw rv k r zl vw k d wiEu|c |cg |n￿j"
|’f vroyhv wkh krxvhkrog g|qdplf frq0
vxpswlrq sureohp E1 Iru wklv lw lv vx!flhqw wr vkrz wkdw wkh vhtxhqfh vdwlvhv wkh fru0
uhvsrqglqj wudqvyhuvdolw| frqglwlrq1 Ohw iE|cS |c& |n￿j"
|’f eh dq| ihdvleoh vhtxhqfh> wkdw lv/
E|cS |c& |n￿ 5 8E&|c&c|c￿c|c6 |n￿cR &c|cR ￿c| iru hdfk |  f1 Iurp wkh qhfhvvdu| dqg vx!flhqw
frqglwlrq E8 iru E| zh kdyh wkdw
￿Eu|c |E|  u|nSEu|c |dE  ￿c|R￿c|E|  u|  E&|n￿  g|n￿o
 q6|n￿E&|n￿  g|n￿c
d q gl iz hd g gSEu|c |E  &c|R&c|E&|  g|'6|E&|  g| wr erwk vlghv ri wklv lqhtxdolw|/
zh rewdlq
￿Eu|c |E|  u|nSEu|c |ES|  |  6|E&|  g|  q6|n￿E&|n￿  g|n￿
4:Dovr/ wkh frqfdylw| ri  lpsolhv wkdw











|d6|E&|  g|  q6|n￿E&|n￿  g|n￿o
'*  4
A<"q
An￿6An￿EgAn￿  &An￿  *4
A<"q
An￿6An￿gAn￿c
ehfdxvh &f ' gf/d q g6An￿ dqg &An￿ duh qrqqhjdwlyh1 Iurp Ohppd 6 zh kdyh wkdw 6|  6
iru doo |1V l q f hgf  &/ Ohppd 4 lpsolhv wkdw g|  & iru doo |1 Wkhuhiruh/ 6|g| 5 dfc6&o iru




Khqfh/ (  f/ dqg wkh vhtxhqfh iEu|c |cg |n￿j"
|’f vroyhv sureohp E1
71 Sxeolf Udqgrpl}dwlrq
Zh qrz frqvlghu wkh ixoo jdph/ zkhuh wkh jryhuqphqw fkrrvhv E&c|c￿c| dw wkh ehjlq0
qlqj ri shulrg |1 Lq dgglwlrq/ zh qrz lqwurgxfh d sxeolf udqgrpl}dwlrq ghylfh1 Lq hyhu| shulrg
|/ ehiruh wkh jryhuqphqw pdnhv lwv fkrlfh ri wd{ udwhv/ wkh jryhuqphqw dqg wkh krxvhkrogv
revhuyh wkh rxwfrph ri d udqgrp yduldeoh f| zlwk d xqlirup glvwulexwlrq lq wkh lqwhuydo dfco1
Wkh udqgrp yduldeohv if|j duh vhuldoo| xqfruuhodwhg dqg lqghshqghqw ri dq| fkrlfhv pdgh
e| wkh jryhuqphqw ru wkh krxvhkrogv1 Wkh h{sdqghg jdph zlwk sxeolf udqgrpl}dwlrq dqg
lqlwldo fdslwdo vwrfn &f lv ghqrwhg e| K-E&f/d q gK-E&fc% f ghqrwhv wkh vxejdph ri K-E&f
wkdw iroorzv diwhu dq rxwfrph %f 5 dfco ri wkh udqgrp yduldeoh ff/ ehiruh wkh jryhuqphqw
pdnhv lwv pryh lq shulrg 31 Dowkrxjk wkh udqgrp yduldeohv duh sd|r luuhohydqw/ wkh| fdq
4;eh xvhg dv frruglqdwlrq ghylfhv wr v|qfkurql}h wkh jryhuqphqw*v dqg wkh krxvhkrogv* pryhv
dqg eholhiv/ lq d vlplodu idvklrq dv vxqvsrw htxloleuld1
Zh lqwurgxfh wkh sxeolf udqgrpl}dwlrq ghylfh wr dyrlg d fhuwdlq whfkqlfdo gl!fxow|1
Zlwkrxw lw/ wkh vhwv
ixE&fcj m j lv dq htxloleulxp ri KE&fj+
2c& f 5 d&c&oc
pd| idlo wr eh frqyh{1 Ohppd 8 lq Vhfwlrq 8 vwdwhv wkdw wkh fruuhvsrqglqj vhwv iru wkh jdph
K-E&f duh doo frqyh{1 Rxu dqdo|vlv lq Vhfwlrq 8 lv idflolwdwhg e| wklv surshuw|1 Li wkh vhwv
deryh zhuh frqyh{/ wkh sxeolf udqgrpl}dwlrq ghylfh zrxog eh vxshu xrxv1 Lqghhg/ lq wkdw
fdvh wkh fruuhvsrqglqj vhwv iru wkh jdph zlwk sxeolf udqgrpl}dwlrq zrxog frlqflgh zlwk wkrvh
deryh1
Wkh klvwru| ri wkh jdph qhhgv wr eh h{sdqghg wr uhfrug wkh rxwfrphv ri wkh udqgrp
ghylfhv/ dqg vlploduo|/ d vwudwhj| pxvw eh doorzhg wr uhdfw wr wkh udqgrp rxwfrphv1 Wkh
sxeolfo| revhuyhg klvwru| xs wr wkh ehjlqqlqj ri shulrg | lv qrz |3￿ 'E fcc |3￿/ zkhuh
r G' E%rc&crc￿crc rcS rc& rn￿cr 'f cc| 
D v|pphwulf vwudwhj| suroh iru K-E&f lv d sdlu ri vwudwhjlhv j 'E j￿cjC/ zkhuh iru
hdfk |/ E&c|c￿c|'jCE|E|3￿c% | dqg E|cS |c& |n￿'j￿E|E|3￿c% |c&c|c￿c|/ dqg erwk
jCE|E|3￿c% | dqg j￿E|E|3￿c% |c&c|c￿c| duh phdvxudeoh ixqfwlrqv ri %|1
Wkh +vwrfkdvwlf, rxwfrph sdwk iE&c|c￿c|c |cS |c& |n￿j"
|’f jhqhudwhg e| d v|pphwulf
vwudwhj| suroh lv qrz d vhtxhqfh ri phdvxudeoh ixqfwlrqv zkhuh iru hdfk |/
&c|c￿c|c |cS |c& |n￿ Gd f co
|n￿ $ +n
Wkh dfwxdo uhdol}dwlrqv E&c|E%|c￿c|E%|c |E%|cS |E%|c& |n￿E%| lq shulrg | duh udqgrp vlqfh
wkh| ghshqg rq wkh vhtxhqfh ri udqgrp rxwfrphv %| 'E %fcc% |1
4<Ilqdoo|/ zh qhhg wr glvwlqjxlvk ehwzhhq wkh h{shfwhg pdujlqdo ydoxh ri fdslwdo dqg




￿E&fc% fcjG ' E  &cfE%fs&E&fc fE%fSEfE%fcS fE%f dqg
x
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| dE|cS |n}E&c|R&c|&| n ￿c|R￿c||o m%f
&
eh uhvshfwlyho| j*v pdujlqdo ydoxh ri fdslwdo dqg h{shfwhg ydoxh/ jlyhq wkh rxwfrph %f ri ff
+wkh iruphu lv ghwhuplqlvwlf rqfh %f lv nqrzq vlqfh lw rqo| ghshqgv rq wlph 3 yduldeohv,1 Wkh
fruuhvsrqglqj h{shfwhg pdujlqdo ydoxh ri fdslwdo dqg h{shfwhg ydoxh ri j dw wkh ehjlqqlqj














CE&f ghqrwh wkh vhw ri v|pphwulf vwudwhjlhv iru K-E&f/d q g
P-E&fc% f'P -
￿E&fc% f  P-
CE&fc% f ghqrwh wkh vhw ri v|pphwulf vwudwhjlhv iru K-E&fc% f1
Qrz/ d ihdvleoh wd{ srolf|  ' iE&c|c￿c|j"
|’f lv d vhtxhqfh ri phdvxudeoh ixqfwlrqv
E&c|c￿c|Gd f co|n￿ $ dco2/ |  f/ wkdw vhohfw d sdlu ri wd{ udwhv iru hdfk vhtxhqfh ri uhdo0
l}dwlrqv %| 'E %fcc% | ri wkh udqgrp ghylfh1 Ghqrwh e| K-
‘E&fc wkh Zdoudvldq hfrqrp|
zkhuh hdfk krxvhkrog lv lqlwldoo| hqgrzhg zlwk &f/ dqg wkh jryhuqphqw wd{ srolf| lv jlyhq e| 1
D Zdoudvldq htxloleulxp iru K-










iru doo %| 5 dfco|n￿ dqg |  f +zkhq | 'f / &f lv qrw d ixqfwlrq,/ dqg wkh udqgrp frqvxpswlrq
53vhtxhqfh iE|cS |c& |n￿j vroyhv wkh vwrfkdvwlf rswlpl}dwlrq sureohp
E








v1w1 f  |E%
|  c f  S|E%













|n￿ dqg |  fc
zkhuh wkh h{shfwdwlrq lv ryhu doo vhtxhqfhv i%|j1 Dv lq wkh hfrqrp| zlwkrxw sxeolf udqgrp0
l}dwlrq/ sulfhv duh xqltxho| ghwhuplqhg e| fdslwdo dqg oderu lqsxwv/ dqg wkhuhiruh zh zloo
vrphwlphv rplw wkhp lq wkh vshflfdwlrq ri d Zdoudvldq htxloleulxp1
Jlyhq ixqfwlrqv &c|cR &c|c |/d q gS| rq dfco|n￿ iru shulrg |/ wkh pdujlqdo ydoxh ri fdslwdo


















Vxssrvh wkdw lq shulrg | +doprvw, doo krxvhkrogv kdyh lqlwldo fdslwdo g| dqg wkh vhtxhqfh %| kdv
rffxuuhg1 Li wkh jryhuqphqw {hv wkh wd{ udwhv dw E&c|c￿c| dqg d krxvhkrog kdv lqlwldo fdslwdo
&| dqg h{shfwdwlrqv ER&c|cR ￿c|c6 |n￿ +zkhuh doo wkh sdudphwhuv E&c|c￿c|cR &c|cR ￿c|c6 |n￿ ghshqg
rq %|,/ wkh krxvhkrog zloo fkrrvh E|E%|cS |E%|c& |n￿E%| vr dv wr vroyh wkh vdph sureohp E|
zh ghqhg hduolhu iru wkh jdph zlwkrxw wkh udqgrp ghylfh1 Sxw glhuhqwo|/ zlwkrxw sxeolf
udqgrpl}dwlrq/ wkh sdudphwhu 6|n￿ uhsuhvhqwv wkh olqhdu sd|r wr kroglqj fdslwdo dw wkh hqg
ri wkh shulrg1 Zlwk sxeolf udqgrpl}dwlrq/ wkh sdudphwhu 6|n￿ uhsuhvhqwv dq h{shfwhg hqg0
54ri0shulrg sd|r1 Exw vlqfh wklv sd|r lv olqhdu/ wkh krxvhkrog idfhv wkh vdph rswlpl}dwlrq
sureohp E|1
Ohppdv 57 fdq eh hdvlo| h{whqghg wr wkh prgho zlwk sxeolf udqgrpl}dwlrq1 Wkhlu
surriv iroorz wkh vdph orjlf dv wkhlu ghwhuplqlvwlf frxqwhusduwv dqg duh rplwwhg1
Ohppd 2￿1 Wkhuh h{lvwv n : 3 vxfk wkdw iru doo &f 5 d&c7 &o dqg ihdvleoh wd{ srolf| /h y h u |
Zdoudvldq htxloleulxp iE|cS |c& |n￿j"
|’f ri K-
‘E&fc vdwlvhv &|n￿E%|  & iru doo |  f dqg
%| 5 dfco|n￿1
Ohppd ￿1 Wkhuh h{lvwv 6	4 vxfk wkdw iru doo &f 5 d&c7 &o dqg ihdvleoh wd{ srolf| /h y h u |
Zdoudvldq htxloleulxp iE|cS |c& |n￿j"
|’f ri K-
‘E&fc vdwlvhv 6-
| E%|  6 iru doo |  f dqg
%| 5 dfco|n￿1
Ohppd e￿1O h wgf 5 d&c7 &o eh dq lqlwldo fdslwdo vwrfn dqg  ' iE&c|c ￿c|j"
|’f eh d ihdvleoh wd{
srolf|1 Vxssrvh wkdw iEu|c |cg |n￿cR &c|cR ￿c|j"
|’f lv vxfk wkdw iru hdfk |  f/ Eu|c |cg |n￿=
dfco|n￿ $ +￿




























Wkhq/ iEu|c |cg |n￿cR &c|cR ￿c|j"
|’f lv d Zdoudvldq htxloleulxp ri K-
‘Egfc1
Zh zloo xvh wkh vdph v|perov ghqhg iru wkh jdph zlwkrxw sxeolf udqgrpl}dwlrq wr
ghqrwh wkh fruuhvsrqglqj hqwlwlhv lq wkh jdph zlwk sxeolf udqgrpl}dwlrq1 Iru h{dpsoh/ iru
dq| v|pphwulf vwudwhj| suroh j ri K-E&f dqg klvwru| |/ jm￿| ghqrwhv wkh vwudwhj| lqgxfhg
55e| j diwhu wkdw klvwru|1 Lq dgglwlrq/ li %f 5 dfco/ jm%f zloo ghqrwh wkh vwudwhj| lqgxfhg lq wkh
surshu vxejdph K-E&fc% f1
81 Vhoi0Jhqhudwlrq
Zh qrz surylgh d irupdo ghqlwlrq ri d vhtxhqwldo htxloleulxp iru rxu srolf| jdph1
Wklv lv d gluhfw dgdswdwlrq ri wkh vdph frqfhsw iru vwdqgdug g|qdplf jdphv/ dqg dv vwdwhg
lq wkh lqwurgxfwlrq/ lw lv wkh vdph frqfhsw wkdw Fkdul dqg Nhkrh +4<<3, fdoo d vxvwdlqdeoh
htxloleulxp1 Zh wkhq lqwurgxfh rxu vwudwhjlf g|qdplf surjudpplqj phwkrg/ zklfk frpelqhv
wkh Hxohu frqglwlrqv ghgxfhg lq Ohppd e￿ zlwk wkh vhoi0jhqhudwlrq whfkqltxh ri Deuhx/ Shdufh
dqg Vwdffkhwwl +4<<3,1
Ghilqlwlrq= D v|pphwulf vwudwhj| suroh j lv d v|pphwulf vhtxhqwldo htxloleulxp +VVH,
iru K-E&f li iru dq| |  f/ klvwru| |3￿ 5 ME&fc| /d q g%| 5 dfco/
+4, x-
CE&|c% |cjm￿|3￿  x-
CE&|c% |cEj￿m￿|3￿c iru doo vwudwhjlhv  5 P-
CE&|c% | iru wkh jry0















r’f lv d Zdoudvldq htxloleulxp ri K-
‘E&|c￿1
Dowkrxjk zh kdyh qrw ghqhg dq VVH iru K-E&fc% f h{solflwo|/ vlqfh K-E&fc% f lv
d surshu vxejdph ri K-E&f/ wkh iroorzlqj fkdudfwhul}dwlrq fdq eh xvhg dv d edfnzdug
ghqlwlrq= j lv dq VVH ri K-E&f l jm%f lv dq VVH ri K-E&fc% f iru hdfk %f 5 dfco1
Ohw |3￿ eh dq duelwudu| klvwru| +qrw qhfhvvdulo| rq wkh htxloleulxp sdwk,/ &| '
VE&fc |3￿/d q g￿ eh wkh wd{ srolf| h{shfwhg lq htxloleulxp iurp wkdw srlqw rq1 Frqgl0
wlrq +4, ri dq VVH jxdudqwhhv wkdw wkh jryhuqphqw zloo qrw zlvk wr fkdqjh ￿1 Frqglwlrq +5,
56uhtxluhv wkdw diwhu |3￿/ wkh krxvhkrogv iroorz d Zdoudvldq htxloleulxp ri K-
‘E&|c￿1 Wkdw
lv/ hdfk krxvhkrog wkdw vwduwv zlwk &| iroorzv dq rswlpdo frqvxpswlrq0lqyhvwphqw wudmhfwru|
+jlyhq ￿ dqg zkdw wkh rwkhu krxvhkrogv gr,1 Ri frxuvh/ d krxvhkrog zlwk lqlwldo fdslwdo & 9' &|
pd| gr ehwwhu wkdq +dqg zloo qrw iroorz, wkh Zdoudvldq htxloleulxp1 Exw wklv lv luuhohydqw=
dw wkh wlph wkh ghyldqw krxvhkrog fkrvh d frqvxpswlrq0lqyhvwphqw exqgoh glhuhqw iurp
wkdw h{shfwhg lq htxloleulxp/ lw orzhuhg lwv wrwdo h{shfwhg xwlolw|/ dqg dorqj wkh htxloleulxp
sdwk +zkhq wkh jryhuqphqw grhv qrw fkdqjh wkh wd{ srolf| dqg wkh krxvhkrogv iroorz wkh
fruuhvsrqglqj Zdoudvldq htxloleulxp,/ wkh ghyldqw krxvhkrog zloo qhyhu uhfryhu wkh orvvhv1
Ghilqlwlrq= Wkh h{0dqwh dqg h{0srvw htxloleulxp fruuhvsrqghqfhv duh wkh vhw0ydoxhg ixqf0
wlrqv T Gd &c&o $ +2 dqg T - Gd &c&o  dfco $ +2 wkdw wr hdfk lqlwldo fdslwdo shu fdslwd &f
dqg rxwfrph %f dvvrfldwh wkh vhwv
T E&fG ' ixE&fcj m j lv dq VVH iru K
-E&fj
T
-E&fc% fG ' ix
-E&fc% fcj m j lv dq VVH iru K
-E&fc% fj
Wkdw lv/ T E&f lv wkh froohfwlrq ri doo wkh sdluv E6c iru zklfk wkhuh h{lvwv dq VVH j vxfk
wkdw 6 lv lwv h{shfwhg pdujlqdo ydoxh ri lqyhvwphqw iru frqvxphuv lq wkh uvw shulrg dqg 
lv lwv fruuhvsrqglqj h{shfwhg ydoxh iru wkh jryhuqphqw1
Ohppd 81 Iru hyhu| &f dqg %fc% ￿
f 5 dfco/ T -E&fc% f'T -E&fc% ￿
f dqg T E&f'
frET -E&fc% f/ zkhuh iru dq| vxevhw f lq d Hxfolghdq vsdfh/ frEf ghqrwhv wkh frqyh{
kxoo ri f1
Surri1 Iru hyhu| &f dqg %fc% ￿
f 5 dfco/ T -E&fc% f'T -E&fc% ￿
f ehfdxvh wkh vxejdphv
57K-E&fc% f dqg K-E&fc% ￿
f duh lghqwlfdo1 Iru hyhu| %f 5 dfco/ dq VVH j ri K-E&f vhohfwv d frq0
wlqxdwlrq VVH jm%f 5 K-E&fc% f zlwk ydoxh -




f E%f 5 T -E&fc% f1 Ehiruh wkh udqgrp rxwfrph %f lv nqrzq/ wkh ydoxh ri j iru
wkh jryhuqphqw lv wkh h{shfwhg ydoxh ri -
f E%f/ dqg lwv pdujlqdo ydoxh ri fdslwdo lv wkh h{0
shfwhg ydoxh ri 6-
f E%f1 Iru dq| srvlwlyh zhljkwv k￿/  ' c2c wkdw dgg xs wr 4/ dqg dq| wkuhh
srlqwv E6￿c ￿ 5 T -E&c%f/ sduwlwlrq dfco lqwr wkuhh lqwhuydov U￿/  ' c2c/v rw k d wbEU￿'k￿
+khuh b ghqrwhv wkh Ohehvjxh phdvxuh,1 Iru hdfk %f 5 U￿ fkrrvh E6-
f E%fc-
f E%f ' E6￿c ￿/
 ' c2c1 Wkhq/ xE&fcj'
S
k￿E6￿c ￿/ dqg e| Fdudwkhrgru|*v wkhruhp/ zh kdyh T E&f'
frET -E&fc% f1
Wkxv/ T E&f lv frqyh{ iru hdfk &f1 Zh dovr vkrz ehorz wkdw T E&f lv frpsdfw0ydoxhg/
dqg vr/ dv zh wu| wr fkdudfwhul}h wkh fruuhvsrqghqfh T / zh uhvwulfw dwwhqwlrq wr ydoxh fruuh0
vsrqghqfhv1
Ghilqlwlrq= Dq duelwudu| fruuhvsrqghqfh ` Gd &c&o $ +2 zlwk frpsdfw dqg frqyh{ ydoxhv
lv fdoohg d ydoxh fruuhvsrqghqfh1 Wkh judsk ri d ydoxh fruuhvsrqghqfh ` lv wkh vhw
judskE`G 'iE&cE6c m E6c 5 `E&c&5 d&c&oj
Ohw + G' +^in4c4j1 Iru dq| ydoxh fruuhvsrqghqfh `/ wkhuh h{lvw wzr ixqfwlrqv
`c` Gd &c&o  + $ + vxfk wkdw iru hdfk & 5 d&c&o/ E6c 5 `E& l `E&c6   
`E&c61 Pruhryhu/ `E&c6 lv frqfdyh lq 6 dqg `E&c6 lv frqyh{ lq 61 Li iru d jlyhq &
dqg 6 wkhuh grhvq*w h{lvw  vxfk wkdw E6c 5 `E&/ wkhq `E&c6G 'n 4 dqg `E&c6G '
41 Wkh judskv ri wkh ixqfwlrqv `E&c dqg `E&c wudfh uhvshfwlyho| wkh orzhu dqg xsshu
erxqgdu| ri `E&1O h wd6‘E&c6‘E&o dqg d‘E&c‘E&o eh uhvshfwlyho| wkh surmhfwlrqv
58ri `E& lqwr wkh uvw dqg vhfrqg frruglqdwhv1 Wkdw lv/
6‘E&G ' 4  ?i6 m E6c 5 `E&j
6‘E&G ' 4 @  i6 m E6c 5 `E&j
‘E&G ' 4  ?i m E6c 5 `E&j
‘E&G ' 4 @  i m E6c 5 `E&j
Zh qrz wxuq wr ghfrpsrvlqj rxu g|qdplf jdph lqwr d vhulhv ri vwdwlf jdphv1 Hdfk
vwdwlf jdph fruuhvsrqgv wr wkh vwudwhjlf sureohp ehwzhhq wkh jryhuqphqw dqg wkh krxvhkrogv
lq d shulrg +zlwk dssursuldwh h{shfwdwlrqv dqg prglhg sd|rv,1
Il{ %f 5 dfco1 Vxssrvh wkdw j lv dq VVH ri K-E& +vr wkdw jm%f lv dq VVH ri K-E&c%f,
zklfk vshflhv wkdw diwhu %f lq shulrg 3 wkh jryhuqphqw fkrrvhv E&c￿ dqg hdfk krxvhkrog
fkrrvhv EcSc&n +li wkh jryhuqphqw fkrrvhv E&c￿,1 Lq dgglwlrq/ ohw f G' E%fc&c￿ccSc& n
dqg E6nc n'x E &ncjm￿f ghqrwh wkh h{shfwhg pdujlqdo ydoxh ri fdslwdo dqg h{shfwhg
ydoxh ri wkh frqwlqxdwlrq vwudwhj| jm￿f 5 P-E&n1 Vlqfh j lv dq VVH ri K-E&/ jm￿f lv dq
VVH ri K-E&n/ dqg wkhuhiruh E6nc n 5 T E&n1 Reylrxvo|/ wkh VVH j dovr vshflhv zkdw
kdsshqv zkhq wkh jryhuqphqw dgrswv dq xqh{shfwhg wd{ srolf| iru shulrg 3 +wkdw lv/ d wd{
srolf| E￿
&c￿
￿ 9'E &c￿,1 Wklv pljkw lqyroyh d frqwlqxdwlrq vwudwhj| hvshfldoo| wdloruhg wr
sxqlvk hdfk srvvleoh ghyldwlrq e| wkh jryhuqphqw lq shulrg 31 Krzhyhu/ dv lq Deuhx*v +4<;9/
4<;;, rswlpdo sxqlvkphqw iru upv lq d fduwho/ zlwkrxw orvv ri jhqhudolw| zh frqvlghu khuh
h{wuhph sxqlvkphqwv rqo|1 Wkh lqfhqwlyh frqvwudlqwv wkdw wkh VVH j pxvw vdwlvi| lq shulrg
3 lpso| vhyhudo frqglwlrqv rq f1 Zkhq wkh ydoxh fruuhvsrqghqfh ` lv wkh htxloleulxp ydoxh
fruuhvsrqghqfh T / wkh iroorzlqj ghqlwlrq fdswxuhv doo wkh frqglwlrqv iru f wr eh wkh shulrg
593 rxwfrph ri dq VVH j 5 P-E&c%f dqg iru E6nc n wr eh wkh h{shfwhg pdujlqdo xwlolw| ri
lqyhvwphqw dqg h{shfwhg ydoxh Ex￿E&cjm￿fcxCE&cjm￿f ri wkh fruuhvsrqglqj frqwlqxdwlrq
vwudwhj| jm￿f1
Ghilqlwlrq= D wxsoh 1 'E &c￿ccSc& nc6 nc n lv frqvlvwhqw zlwk uhvshfw wr wkh ydoxh
fruuhvsrqghqfh ` dw hqgrzphqw & 5 d&c&o li
+4, EcSc&ncs &E&ccs ￿E&c 5 `.E&c&c￿c6 n/d q g
+5, &n 5 d&c&o dqg E6nc n 5 `E&n1
Wkh wxsoh*v pdujlqdo ydoxh ri fdslwdo lv
[￿E&c1G 'E  &s&E&cSEcSc
dqg lwv fruuhvsrqglqj ydoxh lv:
[CE&c1G 'E  qdEcSn}E&s&E&c& n ￿s￿E&co n qn
Iru hdfk E￿
&c￿




















￿ dq rswlpdo fkrlfh iru 6￿
n dqg e| `.WE&c￿
&c￿
￿ d fruuhvsrqglqj
rswlpdo fkrlfh iru E￿cS ￿c&￿







:Iru d vwudwhj| suroh / zh suhylrxvo| ghqhg lwv ydoxh J+, dqg pdujlqdo ydoxh ri fdslwdo F+,1
Dowkrxjk  dqg  duh vlplodu ixqfwlrqv/ wkh| duh ghqhg rq glhuhqw grpdlqv1
5:rswlpdo vroxwlrq iru wkh sureohp deryh1 Ghqh











Wkh wxsoh 1 lv dgplvvleoh zlwk uhvshfw wr wkh ydoxh fruuhvsrqghqfh ` dw hqgrzphqw & li lw
lv frqvlvwhqw zlwk ` dw & dqg
+6, [CE&c1  Z‘E&1
Frqglwlrq +4, vwdwhv wkdw jlyhq wkh krxvhkrogv* eholhiv uhjduglqj wrpruurz*v pdujlqdo
ydoxh ri fdslwdo +6n, dqg wkh fxuuhqw wd{ udwhv hvwdeolvkhg e| wkh jryhuqphqw/ wkh krxvhkrogv
uhvsrqg rswlpdoo|1 Frqglwlrq +5, uhtxluhv wkdw wkh frqwlqxdwlrq ydoxh n wrjhwkhu zlwk wkh
pdujlqdo xwlolw| ri lqyhvwphqw 6n fdq eh gholyhuhg e| dq VVH ri wkh qh{w shulrg*v vxejdph
K-E&n/ lq zklfk wkh krxvhkrogv vwduw zlwk wkh dprxqw ri fdslwdo &n wkh| lqyhvw wklv shulrg1
Frqglwlrq +6, ri dgplvvlelolw| lv wkh jryhuqphqw*v lqfhqwlyh frqvwudlqw1 Zkhq wkh jryhuqphqw
dqqrxqfhv xqh{shfwhg wd{ udwhv E￿
&c￿
￿/ wkh krxvhkrogv* eholhiv duh pdqlsxodwhg lq wkh hqvx0
lqj vxejdph vr dv wr |lhog wkh zruvw srvvleoh sd|r iru wkh jryhuqphqw1 Vxssrvh wklv hqwdlov
wkh eholhi wkdw wkh pdujlqdo xwlolw| ri lqyhvwphqw zloo eh 6￿
n/ dqg wkdw jlyhq wklv eholhi/ hdfk
krxvhkrog vdyhv &￿
n iru surgxfwlrq qh{w shulrg1 Qrwh wkdw wkh fkrlfh ri frqwlqxdwlrq ydoxh
￿
n iru qh{w shulrg grhv qrw dhfw wkh rswlpl}dwlrq sureohp ri wkh krxvhkrogv wklv shulrg
+lq sduwlfxodu/ lw grhv qrw dhfw wkh fkrlfh &￿
n ri fdslwdo lqyhvwphqw,1 Wkhuhiruh/ wkh zruvw




;Wkh rqo| uhdvrq wr uhtxluh lq wkh ghqlwlrq ri dgplvvlelolw| wkdw wkh fruuhvsrqghqfh Z eh frpsdfw0ydoxhg
lv wr jxdudqwhh wkdw lq frqglwlrq +6,/ Z+n3
.>p 3
., lv dwwdlqhg1 Zh frxog ghqh dgplvvlelolw| iru dq duelwudu|
5;Li `￿ dqg `2 duh wzr ydoxh fruuhvsrqghqfhv/ zh zulwh `￿  `2 li judskE`￿ 
judskE`2/w k d wl v /l i`￿E&  `2E& iru doo & 5 d&c&o1
Ghilqlwlrq= Iru dq| ydoxh fruuhvsrqghqfh `/o h wE` ghqrwh wkh fruuhvsrqghqfh ghqhg
e| E`E&' frE-E`E& iru hdfk &/ zkhuh

-E`E&G 'i[E&c1 m 1 'E &c￿cScc& nc6 nc n lv dgplvvleoh z1u1w1 ` dw &j
Ixuwkhu/ d ydoxh fruuhvsrqghqfh ` lv vhoi0jhqhudwlqj li `  E`1
Sxw vlpso|/ E`E& lv wkh frqyh{ kxoo ri doo srlqwv E6c iru zklfk wkhuh h{lvwv
dq dgplvvleoh wxsoh z1u1w1 ` dw & zlwk pdujlqdo ydoxh ri fdslwdo 6 dqg ydoxh 1 Pruh
irupdoo|/ ohw & 5 d&c&o dqg E6c 5 E`E&1 Vlqfh E`E&' frE-E`E&/w k h u h
h{lvw ixqfwlrqv &c￿ccSc& nc6 nc n Gd f co $ + vxfk wkdw iru hdfk % 5 dfco/ wkh wxsoh




[E&cE&c￿ccSc& nc6 nc nE% _%
Pruhryhu/ wkh ixqfwlrqv fdq eh fkrvhq wr eh phdvxudeoh/ dqg vr wkh h{shfwhg ydoxh lv zhoo
ghqhg +vhh wkh surri ri Wkhruhp 4 lq wkh Dsshqgl{,1
Iru dq| ydoxh fruuhvsrqghqfh ` dqg dq| &/ wkh frpsxwdwlrq ri -E`E& fdq eh
glylghg lqwr wzr vwhsv1 Ohw
	 E`E&G 'i[E&c1 m 1 'E &c￿ccSc& nc6 nc n lv frqvlvwhqw z1u1w1 ` dw&j
fruuhvsrqghqfh Z/ li zh uhsodfh wkh ghqlwlrq ri Z+n>p, e|
lqi iy m +p>y, 5 Z+n,j=
+Djdlq khuh/ zh xvh wkh frqyhqwlrq wkdw lqi > @. 41, Wklv revhuydwlrq lv xvhg odwhu lq wkh surri ri Wkhruhp
61
5<Wkhq/ iru doo &/

-E`E&'iE6c 5 	 E`E& m   Z‘E&j
Wkxv/ frqvlvwhqf| dqg wkh jryhuqphqw*v lqfhqwlyh frqvwudlqwv duh vhsdudeoh= wkh odwwhu lv
rqo| uhtxluhg dw wkh hqg wr wuxqfdwh/ iru hdfk &/ wkh vhw rewdlqhg zkhq wkh frqvwudlqw lv
qhjohfwhg1 Ohw ` ￿ ' E`1 Wkhq ‘￿E&'Z‘E&1 Pruhryhu/ wkh vhw E`E& lv riwhq  dw
dw wkh erwwrp/ dqg `
￿E&c6'Z‘E& iru doo 6 5 d6E&c6E&o1
Wkh iroorzlqj wkhruhp lv dq dgdswdwlrq ri wkh vlplodu uhvxow suryhq e| Deuhx/ Shdufh
dqg Vwdffkhwwl +4<;9/ 4<<3, iru uhshdwhg jdphv1 Iru frpsohwhqhvv/ lwv surri lv suhvhqwhg lq
wkh Dsshqgl{1
Wkhruhp 41 +Vhoi0Jhqhudwlrq, Li wkh ydoxh fruuhvsrqghqfh ` lv vhoi0jhqhudwlqj/ wkhq
E`  T 1
Wkh qh{w wkhruhp dvvhuwv wkdw wkh pds  wudqvirupv ydoxh fruuhvsrqghqfhv lqwr ydoxh
fruuhvsrqghqfhv1 Lwv surri/ zklfk lv dovr uhohjdwhg wr wkh Dsshqgl{/ xvhv wkh iroorzlqj surs0
huwlhv ri dq duelwudu| fruuhvsrqghqfh `1O h wf  +@ dqg ` G f $ +K eh d frpsdfw0ydoxhg
fruuhvsrqghqfh1 Li f lv frpsdfw/ wkhq ` lv xsshu vhplfrqwlqxrxv +xvf, l judskE` lv d
forvhg vxevhw ri +@  +K +vhh wkh Fruroodu| wr Wkhruhp :/ Fkdswhu YL ri Ehujh +4<96,,1
Pruhryhu/ li ` lv xvf/ wkh lpdjh `Eg ri dq| frpsdfw vhw g  +@ lv d frpsdfw vhw lq +K
+vhh Wkhruhp 6/ Fkdswhu YL ri Ehujh +4<96,,1 Vlqfh d&c&o lv frpsdfw/ wkhvh wzr surshuwlhv
lpso| wkdw iru dq| ydoxh fruuhvsrqghqfh `/ judskE` lv d frpsdfw vxevhw ri +￿ l ` lv
xvf1
Wkhruhp 51 Li ` lv dq xsshu vhplfrqwlqxrxv +xvf, ydoxh fruuhvsrqghqfh/ wkhq E` lv d
63xvf ydoxh fruuhvsrqghqfh1
Ohppd 91 judskET  lv d erxqghg vhw1
Surri1 Ohw j eh dq| VVH ri K-E&f1 Wkh jryhuqphqw*v lqfrph lv dozd|v qrqqhjdwlyh/ dqg d
krxvhkrog fdq fkrrvh qrw wr zrun dqg qrw wr vdyh lq hyhu| shulrg dqg wkxv jxdudqwhh lwvhoi
d wrwdo sd|r ri dw ohdvw  G' Efcf n }Ef lq hyhu| shulrg1 Rq wkh rwkhu kdqg/ d krxvhkrog
fdqqrw jhw pruh wkdq  G' Efc&n}E & lq dq| shulrg1 Khqfh/   xCE&fcj  1
Qrz/ x￿E&fcj  f ehfdxvh iru hdfk klvwru| |3￿ dqg rxwfrph %|/ &c|E|3￿c% |  	
/ wkh pdujlqdo surgxfwlylw| ri fdslwdo lv srvlwlyh/ dqg wkh pdujlqdo xwlolw| ri frqvxpswlrq
lv srvlwlyh1 Ilqdoo|/ Ohppd 6 +Ohppd ￿, hvwdeolvkhv wkh erxqg x￿E&fcj  61 Wkhuhiruh/
judskET   d&c&o  dfc6o  dco/ dqg judskET  lv erxqghg1
Zh duh qrz lq d srvlwlrq wr suhvhqw rxu vhfrqg pdlq uhvxow= wkh htxloleulxp fruuh0
vsrqghqfh T lv wkh odujhvw {hg srlqw ri wkh pds 1W k d wl v /T ' ET /d q g`  T iru
dq| vhoi0jhqhudwlqj ydoxh fruuhvsrqghqfh `1
Wkhruhp 61 +Idfwrul}dwlrq, Wkh htxloleulxp fruuhvsrqghqfh T lv wkh odujhvw {hg srlqw ri
wkh pds 1 Pruhryhu/ T lv d xvf ydoxh fruuhvsrqghqfh1
Surri1 Ohw foET  ghqrwh wkh fruuhvsrqghqfh zkrvh judsk lv wkh forvxuh ri judskET 1V l q f h
judskET  lv erxqghg/ judskEfoET  lv frpsdfw/ dqg foET  lv d xvf ydoxh fruuhvsrqghqfh1
Slfn dq| VVH j ri K-E&f/d q go h wE6cG 'x E &fcj1 Iru hdfk % 5 dfco/ ohw
E&E%c￿E% ' jCEfE% dqg EE%cSE%c& nE% ' j￿EfE%c&E%c￿E%1W k d w l v / f '
E%c&E%c￿E%cE%cSE%c& nE% lv wkh htxloleulxp rxwfrph lq wkh uvw shulrg +zkhq wkh
uhdol}dwlrq ri wkh udqgrp sxeolf ghylfh lv %,1 Dovr ghqh E6nE%c nE% 'x E &nE%cjm￿f1






Wklv lpsolhv wkdw T  EfoET  +zh qhhg wr xvh foET  lqvwhdg ri T /w rp d n hv x u hw k d w
h{wuhph sxqlvkphqw ydoxhv fdq eh gholyhuhg> vhh irrwqrwh ;,1 E| Wkhruhp 5/ judskEEfoET 
lv frpsdfw/ vr foET   EfoET 1 Wkdw lv/ foET  lv vhoi0jhqhudwlqj/ dqg e| Wkhruhp 4/ zh
pxvw kdyh wkdw EfoET   T 1 Wkhuhiruh/ foET   T /d q gT kdv d forvhg judsk1 Wkdw lv/
T ' foET 1 Pruhryhu/ wkh suhylrxv lqfoxvlrqv lpso| wkdw T  ET   T /v rT ' ET 1
Wkh suhylrxv wkhruhp hvwdeolvkhv wkdw iru hdfk & 5 d&c&o dqg 6 lq wkh dssursuldwh
udqjh/ wkhuh h{lvwv dq +zruvw, htxloleulxp j iru K-E& vxfk wkdw xCE&cj'T E&c6/d q g
wkxv wkh h{wuhph sxqlvkphqwv lqyrnhg lq wkh ghqlwlrq ri dgplvvlelolw| fdq eh gholyhuhg lq
htxloleulxp1
Zh qdoo| h{whqg wkh dojrulwkp lqwurgxfhg e| Deuhx/ Shdufh dqg Vwdffkhwwl +4<<3,
iru uhshdwhg jdphv/ wr frpsxwh wkh htxloleulxp ydoxh fruuhvsrqghqfh1 Lw lv hdv| wr vhh wkdw
wkh pdsv - dqg  duh prqrwrqh1 Wkdw lv/ li ` dqg `￿ duh wzr ydoxh fruuhvsrqghqfhv
vxfk wkdw `  `￿/w k h q-E`  -E` ￿ dqg E`  E`￿1 Vxssrvh wkdw `f lv d
ydoxh fruuhvsrqghqfh vxfk wkdw T  `f dqg `f  E`f1 Frqvwuxfw wkh vhtxhqfh ri ydoxh
fruuhvsrqghqfhv i`?j"
?’f lqgxfwlyho| dv iroorzv=
`?n￿ ' E`? iru doo ?  f
Wkhq `?  `?n￿  T iru doo ?  f1 Vlqfh wkh vhtxhqfh lv ghfuhdvlqj +lq wkh vhqvh ri vhw






iru hdfk & 5 d&c&o1 E| d vlpsoh olplw dujxphqw/ zh fdq hvwdeolvk wkh iroorzlqj uhvxow1
Wkhruhp 71 `" ' T 1
Zh xvh wklv dojrulwkp wr frpsxwh wkh vroxwlrq ri dq h{dpsoh lq Vhfwlrq :1 Vrph ri
wkh lpsohphqwdwlrq ghwdlov duh suhvhqwhg lq wkh Dsshqgl{1
91 Ehvw Htxloleuld dqg Vwhdg| Vwdwhv
Zh qrz vwxg| jhqhudo surshuwlhv ri htxloleuld1 Lq sduwlfxodu/ zh irfxv rq ehvw htxloleuld
+jlyhq dq lqlwldo fdslwdo vwrfn & dqg pdujlqdo ydoxh ri fdslwdo 6, dqg rq orqj uxq ehkdylru1
Dv lq Fkdpoh| +4<;9, dqg Mxgg +4<;8,/ zh vwxg| wkh vwhdg| vwdwh ri ehvw htxloleuld dqg
frpsduh lw zlwk wkh vwhdg| vwdwh ri wkh rswlpdo srolf| zlwk frpplwphqw1 Dowkrxjk rxu
prgho lv vlpsohu wkdq wkdw ri Fkdpoh|/ wkh vwhdg| vwdwh ri wkh rswlpdo wd{ srolf| +li lw h{lvwv,
h{klelwv wkh vdph surshuwlhv= wkh fdslwdo wd{ lv 31 Zh zloo vhh wkdw zlwkrxw frpplwphqw dqg
iru lqwhuphgldwh ydoxhv ri wkh glvfrxqw idfwru q/ wkh vwhdg| vwdwh ri dq rswlpdo srolf| grhv qrw
kdyh wklv surshuw|1 Pruhryhu/ wkh vwhdg| vwdwh gholyhuv dq E6c sdlu zklfk lv dw wkh erwwrp
ri wkh fruuhvsrqglqj T E& vhw1 Wkdw lv/ li & lv wkh vwrfn lq vwhdg| vwdwh/ wkhq  ' T E&c61
Zh uvw pdnh dq revhuydwlrq derxw dgplvvleoh wxsohv 1 dw & +dowhuqdwlyho|/ derxw
VVH*v, vxfk wkdw [E&c1 lv rq wkh xsshu erxqgdu| ri T E&1
Vxssrvh wkdw 1 'E &c￿ccSc& nc6 nc n lv dgplvvleoh z1u1w1 T dw &1 Vlqfh wkh jry0
huqphqw*v lqfhqwlyhv duh vwuhqjwkhqhg zkhq lwv frqwlqxdwlrq ydoxh lv lqfuhdvhg/ lw lv hdv| wr
vhh wkdw iru doo n  	 n  T E&nc6 n/ 	 1 'E &c￿ccSc& nc6 nc	 n lv dovr dgplvvleoh z1u1w1 T
66dw &1 Lw iroorzv wkdw li  '[ CE&c1'T E&c6/ zkhuh 6 '[ ￿E&c1/w k h qn ' T E&nc6 n1
Wkdw lv/ li E6c'[ E &c1 lv rq wkh xsshu erxqgdu| ri T E&/w k h qE6nc n pxvw eh rq
wkh xsshu erxqgdu| ri T E&n1 Htxlydohqwo|/ wklv odvw revhuydwlrq fdq eh vwdwhg lq whupv ri
VVH*v1 Vxssrvh j lv dq VVH ri K-E& vxfk wkdw xEj lv rq wkh xsshu erxqgdu| ri T E&1O h w
f 'E %fc&cfc￿cfc fcS fc& ￿ ghqrwh wkh htxloleulxp rxwfrph ri shulrg 3 zkhq wkh uhdol}dwlrq
ri wkh udqgrp ghylfh lv %f1 Wkhq/ xE&￿cjm￿f lv rq wkh xsshu erxqgdu| ri T E&￿1 Lqgxfwlyho|
wkhq/ rq wkh htxloleulxp sdwk/ doo xE&|n￿cjm￿|/ |  f/ duh rq wkh xsshu erxqgdu| ri wkh
fruuhvsrqghqfh T +iru doo vhtxhqfhv ri udqgrp rxwfrphv i%|j"
|’f,1
Ghilqlwlrq= D vwhdg| vwdwh htxloleulxp iru K-E&r lv dq VVH j zkrvh rxwfrph sdwk iE&c|c
￿c|c |cS |c& |n￿j"
|’f lv vwdwlrqdu|1 Wkdw lv/ wkhuh h{lvw Er
&cr
￿c rcS r 5 dco2  dfco  dfc4
vxfk wkdw iru doo |  f dqg %| 5 dfco|n￿/









Qrwh wkdw dowkrxjk wkh rxwfrph sdwk lv qrw udqgrp +l1h1/ lw grhvq*w ghshqg rq wkh rxwfrphv
ri wkh sxeolf udqgrpl}dwlrq ghylfh,/ j pd| xvh wkh sxeolf udqgrpl}dwlrq ghylfh wr vxssruw
sxqlvkphqwv r wkh htxloleulxp sdwk1
Vxssrvh j lv d v|pphwulf vwudwhj| suroh iru K-E&W zkrvh rxwfrph sdwk lv qrw udq0























￿c rcS rc& rc6 rcr lv d vwhdg| vwdwh wxsoh li
67+l, ErcS rc& rcs &E&rc rcs ￿E&rc r 5 `.E&rcr
&cr
￿c6 r/d q g
+ll, E6rc r'[ E &rc1
r1
Vlqfh iru d vwhdg| vwdwh wxsoh zh gr qrw lpsrvh dgplvvlelolw| +lq sduwlfxodu/ zh gr
qrw lpsrvh wkh jryhuqphqw*v lqfhqwlyh frqvwudlqw,/ vwhdg| vwdwh wxsohv duh wkh vroxwlrqv ri d
+uhodwlyho|, vlpsoh {hg srlqw sureohp1 Li d vwhdg| vwdwh wxsoh lv qrw dgplvvleoh/ lw fdqqrw eh
vxvwdlqhg e| d vwhdg| vwdwh htxloleulxp1 Krzhyhu/ lq wkh jdph zlwk ixoo frpplwphqw/ zkhuh




￿c rcS rc& rc6 rcr fdq eh vxssruwhg e| d vwdwlrqdu| wd{ srolf| zkhuh
E&c|c￿c|'E r
&cr
￿ iru doo |  f1 Fohduo|/ vlqfh sEfc'firu doo   f/ wkhuh lv d wulyldo
vwhdg| vwdwh wxsoh zkhuh &r ' r ' Sr 'f 1
Iru wkh qh{w wkhruhp/ zh qrz dvvxph wkdw  'f 1
Wkhruhp 81 Ohw j eh dq VVH iru K-E&f1 Vxssrvh wkdw xCE&fcj'T E&f dqg wkdw j
frqyhujhv wr vwhdg| vwdwh/ uhsuhvhqwhg e| wkh wxsoh 1
r 'E r
&cr
￿c rcS rc& rc6 rc r1 Wkhq 1
r lv
d vwhdg| vwdwh wxsoh dqg hlwkhu +4, r
& 'fru +5, r ' T E&rc6 r'T E&r1
Qrwh wkdw vlqfh xE&fcj lv rq wkh xsshu erxqgdu| ri T E&f/ dorqj wkh rxwfrph sdwk/
xE&|n￿cjm￿|/ |  f/ lv rq wkh xsshu erxqgdu| ri wkh fruuhvsrqghqfh T 1 Wkxv/ e| frqwlqxlw|/
E6rc r lv rq wkh xsshu erxqgdu| ri T E&r1W k d w l v / r ' T E&rc6 r1 Zkhq r
& : f/w k h
wkhruhp dvvhuwv wkdw r ' T E&rc6 r1 Wkhuhiruh/ lq wklv fdvh/ E6rcr pxvw eh rqh ri wkh wzr
lqwhuvhfwlrq srlqwv ehwzhhq wkh xsshu dqg wkh orzhu erxqgdulhv ri T E&r +dqg wkxv/ hlwkhu
6r ' 6T E&r ru 6r ' 6T E&r,1 Pruhryhu/ wkh orzhu erxqgdu| pxvw vwd| +zhdno|, deryh wkh
ydoxh T E&rc6 r1
68Surri1 Wr vlpsoli| wkh qrwdwlrq/ zh zulwh wkh surri iru wkh jdph KE&f zlwkrxw sxeolf udq0
grpl}dwlrq1 Dowhuqdwlyho|/ dvvxph wkdw wkh htxloleulxp ydoxh fruuhvsrqghqfh ri wkh jdph
zlwkrxw sxeolf udqgrpl}dwlrq lv frqyh{ ydoxhg +dqg wkxv wkh udqgrpl}dwlrq ghylfh lv vxshu0
 xrxv,1 Iru dq| +ghwhuplqlvwlf, rxwfrph sdwk " ' iE&c|c￿c|c |cS |c& |n￿j"








zkhuh C| ' &c|s&E&|c |&| n ￿c|s￿E&|c ||1 Iroorzlqj Fkdpoh|/ zh fdq ylhz wkh jryhuqphqw
fkrlfhv ri wd{hv wr eh htxlydohqw wr wkh fkrlfhv ri diwhu0wd{ zdjh | dqg lqwhuhvw udwh rq
fdslwdo o|/ zkhuh
no| G' E  &c|s&E&|c | dqg | G' E  ￿c|s￿E&|c |
Zh dovr xvh wkh vwdqgdug qrwdwlrq ri ￿c| dqg Sc| iru ￿E|cS | dqg SE|cS | uhvshfwlyho|1 Wkhq
+zlwk d vpdoo dexvh ri qrwdwlrq,=
xCE&fcj' 4 @   7fE"
v1w E|cS |c& |n￿ 5 `.E&|co |c |cE n o|n￿Sc|n￿
S| n &|n￿ n C|  sE&|c |
7|E"  ZT E&|
Wkh uvw frqvwudlqw uhtxluhv wkdw wkh wudmhfwru| ri oderu/ frqvxpswlrq dqg vdylqjv frqvwlwxwhv
d Zdoudvldq htxloleulxp ri wkh g|qdplf hfrqrp| wkdw dulvhv zkhq wkh jryhuqphqw {hv lwv
wd{ srolf| dw 1 Wkh vhfrqg frqvwudlqw lv wkh jryhuqphqw*v exgjhw frqvwudlqw/ dqg wkh odvw lv
wkh jryhuqphqw*v lqfhqwlyh frqvwudlqw1 Wkh odwwhu vd|v wkdw zkdw wkh jryhuqphqw h{shfwv lq
htxloleulxp iurp shulrg | rqzdug kdv wr eh qr ohvv wkdq wkh zruvw sxqlvkphqw ydoxh iru wkh
jdph KE&|1




￿c rcS rc& rc6 rcr1 Wkhq &r  & : f1 Lw lv hdv| wr vhh wkdw r : f/ iru rwkhuzlvh
sE&rc r'f / zklfk lv lqfrpsdwleoh zlwk wkh jryhuqphqw lqfhqwlyh frqvwudlqw1 Vlqfh &r : f
dqg r : f/z hp x v wd o v rk d y hw k d wSr : f +rwkhuzlvh wkh frqvxphu frxog lqfuhdvh klv
xwlolw| e| ghfuhdvlqj klv vdylqjv,1 Li r 	  +vr wkdw wkh frqvxphu*v fkrlfhv duh lqwhulru,/
wkh Zdoudvldq htxloleulxp uhtxluhphqw iru | vx!flhqwo| odujh lv htxlydohqw wr wkh uvw rughu
frqglwlrqv
￿c| n |Sc| 'f c Sc| ' qE n o|n￿Sc|n￿c dqg S| n &|n￿  E n o|&| n ||
Iru vlpsolflw|/ dvvxph wkdw wkh frqvxphuv* wudmhfwru| lv lqwhulru +wkh dowhuqdwlyh
fdvh/ zkhq r 'fdq eh ghdow zlwk lq d vlplodu idvklrq,1 Wkhq/ zh fdq uhsodfh wkh Zdoudvldq
htxloleulxp uhtxluhphqw e| lwv fruuhvsrqglqj uvw0rughu frqglwlrqv wr rewdlq
xCE&fcj' 4 @   7fE"
v1w1 ￿c| n |Sc| 'f
Sc| ' qE n o|n￿Sc|n￿
S| n &|n￿  E n o|&| n ||
S| n &|n￿ n C|  sE&|c |






| eh wkh Odjudqjh pxowlsolhuv fruuhvsrqglqj wr wkh yh
frqvwudlqwv lq shulrg |1 Lw lv hdv| wr vhh wkdw wkh wklug dqg irxuwk frqvwudlqwv pxvw eh dfwlyh
iru doo |  f1 Li wkh jryhuqphqw*v lqfhqwlyh frqvwudlqw lq shulrg | lv qrw dfwlyh/ wkhq | 'f
dqg wkh rswlpdolw| frqglwlrq dvvrfldwhg zlwk &| lv
f'b|3￿  b|qE n o|n>|3￿  >|qs&c|





r : ZT E&
r
Wkhq/ e| frqwlqxlw|/ 7|E" : ZT E&| iru doo | vx!flhqwo| odujh1 Lq wkh olplw/ wkh vhfrqg
frqvwudlqw lpsolhv wkdw qE n or' 1 Wkhuhiruh/ lq wkh olplw/ wkh rswlpdolw| frqglwlrq iru
&| lpsolhv wkdw   qs&E&rc r'f 1 Wkh odvw wzr htxdolwlhv lpso| wkdw nor ' s&E&rc r/r u
wkdw r
& 'f 1 Wklv lv wkh Fkdpoh| uhvxow +dqg surri,1<
Uhfdoo iurp Vhfwlrq 8 wkdw iru doo & dqg `/ ￿E‘￿E&'Z‘E&1 Vlqfh T ' ET /











Zkhq wkh jryhuqphqw*v lqfhqwlyh frqvwudlqw lv qrw dfwlyh lq wkh olplw dqg wkh Fkdpoh|
uhvxow dwwdlqv/ 1
r pxvw eh wkh ehvw vwhdg| vwdwh wxsoh1 Zkhwkhu wkh ehvw vwhdg| vwdwh lv
vxvwdlqdeoh e| dq VVH ghshqgv rq wkh glvfrxqw idfwru q +dqg rq  dv zhoo,1 Lq htxloleulxp/
wkh ehqhwv ri d ghyldwlrq wr d kljkhu fdslwdo wd{ dqg orzhu oderu wd{ lq wkh uvw shulrg/
iru h{dpsoh/ duh frpshqvdwhg e| d orzhu frqwlqxdwlrq ydoxh iru wkh jryhuqphqw1 Exw li wkh
glvfrxqw idfwru lv orz/ wkh iruphu hhfw grplqdwhv/ dqg wkh jryhuqphqw fdqqrw uhvlvw wkh
whpswdwlrq1 Lq wklv fdvh/ wkh ehvw vwhdg| vwdwh lv qrw vxvwdlqdeoh1
:1 Dq H{dpsoh
Lq wklv vhfwlrq zh suhvhqw dq h{dpsoh1 Zlwk wkh dojrulwkp ghvfulehg dw wkh hqg ri
Vhfwlrq 8 +vhh Wkhruhp 7,/ zklfk zh kdyh lpsohphqwhg rq d frpsxwhu/ zh qg lwv htxloleulxp
<Mxgg +4<;8, suryhv d vlplodu uhvxow lq d frqwlqxrxv wlph prgho1
6;fruuhvsrqghqfh1 Zlwk d vlplodu dojrulwkp/ zh dovr qg wkh ydoxh fruuhvsrqghqfh T W ri wkh
jdph zlwk frpplwphqw/ zkhq wkh jryhuqphqw fkrrvhv lwv wd{ srolf| rqfh dqg iru doo dw wkh
ehjlqqlqj ri shulrg 31 Ehorz zh frpsduh T E& zlwk T WE& i r udf r x s o hr iy d o x h vr iw k h
lqlwldo fdslwdo vwrfn &1 Zh dovr qg wkh fruuhvsrqglqj vwhdg| vwdwh wxsohv dqg lghqwli| wkh
Fkdpoh|0Mxgg +ru uvw0ehvw, dqg vhfrqg0ehvw vwhdg| vwdwh rxwfrphv1
Lq wkh h{dpsoh zh kdyh pdgh wkh iroorzlqj fkrlfhv=
EcS'2
s




Cc dqg q 'f bc
sE&c'&
￿￿
￿.c dqg B 'f fDc
zkhuh B uhsuhvhqwv wkh fdslwdo ghsuhfldwlrq udwh1 Dv zh h{sodlqhg lq irrwqrwh 6/ zh pdnh wkh
dvvxpswlrq ri ixoo ghsuhfldwlrq +l1h1/ B ' , wkurxjkrxw wkh sdshu iru frqyhqlhqfh rqo|1 Rxu
uhvxowv dovr dsso| wr wkh fdvh B	143 Ilqdoo|/ wr uhgxfh wkh vl}h ri wkh qxphulfdo sureohp/ zh
dvvxph wkdw ydoxhv iru & dqg ￿ duh uhvwulfwhg wr eh lq wkh glvfuhwh julg ifcfcf2ccfbj1
Wklv fdq eh ylhzhg dv dq lqvwlwxwlrqdo frqvwudlqw/ zkhuh wkh jryhuqphqw lv qrw doorzhg rwkhu
lqwhuphgldwh ydoxhv ri wd{hv1
Wkh htxdwlrq & 'E  B& n sE&c jlyhv xv & ' f
s
H1 Exw wklv xsshu erxqg lv wrr
jhqhurxv1 Zh vhw lqvwhdg & ' D.  D'2 D> & ' D. lv wkh odujhvw fdslwdo vwrfn wkdw
fdq eh vxvwdlqhg lq vwhdg| vwdwh zlwk ixoo frpplwphqw +zkhq &c| ' ￿c| 'firu doo |  f,1
43Vlqfh lqyhvwphqwv duh luuhyhuvleoh/ wkh krxvhkrog*v sureohp pxvw qrz lqfoxgh wkh frqvwudlqw nw.4 
+4  ,nw iru doo w  31 Wkh ghqlwlrq ri wkh pdujlqdo ydoxh ri fdslwdo lv dovr glhuhqw dqg pruh frpsoh{1
Uhfdoo wkdw pw uhsuhvhqwv wkh lqfuhdvh lq wkh krxvhkrog*v wrwdo xwlolw| zkhq wkh fdslwdo vwrfn nw lv lqfuhdvhg
e| rqh xqlw1 Edvlfdoo|/ zlwkrxw ixoo ghsuhfldwlrq/ pw @ xf+cw>f w,^+4n>w,in+nw>c w,.+4,`1 Wklv ghqlwlrq
lv qh dv orqj dv fdslwdo lqyhvwphqw lq shulrg w lv srvlwlyh/ ru nw.4 A +4 ,nw1 Lw dvvxphv wkdw dw wkh hqg ri
shulrg w/ dq rswlpdo fkrlfh iru wkh krxvhkrog lv wr lqyhvw +4  , ohvv/ wr uhwxuq wr wkh ruljlqdo fdslwdo vwrfn
nw.4 iru wkh qh{w shulrg1 Wkxv/ dw wkh hqg ri shulrg w/ wkh krxvhkrog lqfuhdvhv lwv frqvxpswlrq e| +4, soxv
wkh dgglwlrqdo lqfrph jhqhudwhg e| wkh dgglwlrqdo xqlw ri fdslwdo vwrfn1 Wkh dfwxdo ghqlwlrq ri pw qhhgv wr
eh pruh frpsoh{ wr dffrxqw iru wkh srvvlelolw| wkdw nw.4 @+ 4 ,nw1
6<Wkhuh grhv qrw h{lvw vxfk d gluhfw irupxod wr frpsxwh &1 Zh kdyh wdnhq & 'f fe/ zklfk lv
wkh +vpdoohvw, fdslwdo vwrfn vxvwdlqhg lq vwhdg| vwdwh zlwk ixoo frpplwphqw/ zkhq &c| ' b
dqg ￿c| 'firu doo |  f1 Zh fkrrvh d julg iru & zlwk 93 srlqwv xqlirupo| vsdfhg ehwzhhq &
dqg &1
Iljxuh 4 +ehorz, glvsod|v vlpxowdqhrxvo| T Ef.ee dqg T WEf.ee1 Reylrxvo| T E& 
T WE& iru doo &1W k x v /T WEf.ee lv wkh odujhu frqyh{ vhw ghslfwhg lq Iljxuh 4/ dqg T Ef.ee
lv wkh vpdoohu vhw frqwdlqhg lq lw1 Wkh frqfdyh fxuyh iurp E6c'E  Dc2eS wr E6c'
E2ec2eD uhsuhvhqwv wkh orfxv ri doo E6rc r vxfk wkdw 1
r 'E r
&cr
￿c rcS rc&rc6 rcr lv d
vwhdg| vwdwh wxsoh zlwk &r 'f .ee1 Iljxuh 5 glvsod|v T WEH/ T EH/ dqg wkh orfxv ri doo
E6rc r vxfk wkdw 1
r lv d vwhdg| vwdwh wxsoh zlwk &r ' H1 Rqh revhuydwlrq/ wkdw krogv lq
doo ri rxu vlpxodwlrqv/ lv wkdw wkh odujhu lv &/ wkh vpdoohu T E& lv uhodwlyh wr T WE&1
Wkh ydoxh & 'f .ee lv fulwlfdo= iru &:f.ee/ wkh orfxv ri vwhdg| vwdwhv E6rcr grhv
qrw lqwhuvhfw T E&1 Wkdw lv/ iru &:f.ee qr vwhdg| vwdwh fdq eh vxssruwhg e| dq VVH +wklv
fdq eh vhhq/ iru h{dpsoh/ lq Iljxuh 5/ zkhuh & ' H,1 Iru & 'f .ee/ wkh orfxv ri E6rc r
sdluv iru vwhdg| vwdwh wxsohv lv d fxuyh zkrvh ohiwprvw srlqw fruuhvsrqgv wr wkh vwhdg| vwdwh
wkdw dwwdlqv zkhq &c| 'f H dqg ￿c| 'firu doo |  f/ dqg wkh uljkwprvw srlqw fruuhvsrqgv
wr wkh vwhdg| vwdwh wkdw dwwdlqv zkhq &c| 'fdqg ￿c| 'f De iru doo |  f1 Wkh rqo| srlqw ri
lqwhuvhfwlrq ehwzhhq T Ef.ee dqg wkh fxuyh uhsuhvhqwv wkh vhfrqg0ehvw vwhdg| vwdwh dqg lv
dwwdlqhg zkhq &c| 'f 2b dqg ￿c| 'f 2 iru doo |  f1 Wklv lv wkh ehvw vwhdg| vwdwh wkdw fdq
eh vxssruwhg e| dq VVH1 Dv vwdwhg lq Wkhruhp 8/ wklv lqwhuvhfwlrq frlqflghv zlwk wkh uljkw
fruqhu ri T Ef.ee/ zkhuh wkh xsshu dqg orzhu erxqgdulhv ri T Ef.ee lqwhuvhfw1










Iljxuh 4= Ydoxh Fruuhvsrqghqfhv iru & ' .ee






Iljxuh 5= Ydoxh Fruuhvsrqghqfhv iru & ' H
Wkh uvw0ehvw vwhdg| vwdwh lv rewdlqhg zkhq & ' H1 Lq Iljxuh 5/ wkh orfxv ri vwhdg|
vwdwhv E6rcr lv dq xszdug vorslqj fxuyh/ zkrvh uljkwprvw srlqw lv rq wkh erxqgdu| ri
T WEH1 Wkh ohiwprvw srlqw ri wkh fxuyh fruuhvsrqgv wr wkh vwhdg| vwdwh wkdw dwwdlqv zkhq
&c| 'f . dqg ￿c| 'firu doo |  f/ dqg wkh uljkwprvw srlqw fruuhvsrqgv wr wkh vwhdg| vwdwh
wkdw dwwdlqv zkhq &c| 'fdqg ￿c| 'f 2H iru doo |  f1 Wkh odwwhu lv wkh uvw0ehvw vwhdg|
vwdwh/ dqg lq djuhhphqw zlwk wkh Fkdpoh|0Mxgg uhvxow/ fdslwdo wd{hv duh 31 Krzhyhu/ dv fdq
eh vhhq lq Iljxuh 5/ qrqh ri wkh vwhdg| vwdwhv iru & ' H fdq eh vxssruwhg zlwk dq VVH1
74;1 Frqfoxvlrq
Zh kdyh hoderudwhg d jhqhudo phwkrg iru vwxg|lqj g|qdplf jdphv zlwk dqrq|prxv
sod|huv1 Wklv fodvv ri jdphv lqfoxghv pdq| vwdqgdug srolf| jdphv/ zkhuh wkh jryhuqphqw
fkrrvhv d srolf| +wd{hv/ ghew/ ru lq dwlrq, dqg wkhuh lv d frqwlqxxp ri djhqwv +krxvhkrogv,1
Wkh phwkrg xvhv wkh lghd wkdw vlqfh hdfk krxvhkrog*v dfwlrqv duh xqrevhuydeoh dqg gr qrw
dhfw sulfhv/ wkh krxvhkrog*v lqwhuwhpsrudo lqfhqwlyhv fdq eh fdswxuhg frpsohwho| e| d vlqjoh
sdudphwhu +wkh pdujlqdo ydoxh ri fdslwdo lq rxu prgho,1 Dowkrxjk zh kdyh ghyhorshg wkhvh
lghdv lq wkh frqwh{w ri d g|qdplf jdph +zlwk wkh fdslwdo vwrfn dv vwdwh yduldeoh,/ d vlplodu
whfkqltxh zrxog dsso| wr d vlpsohu fodvv ri lqqlwho| uhshdwhg dqrq|prxv jdphv1
Wkh kljk frpsoh{lw| ri wkhvh jdphv riwhq pdnhv lw lpsrvvleoh wr qg dqdo|wlf vroxwlrqv1
Krzhyhu/ wkh h{whqvlrq ri wkh dojrulwkp sursrvhg e| Deuhx/ Shdufh dqg Vwdffkhwwl +4<<3,
surgxfhv d vhtxhqfh ri dssur{lpdwlrqv wr wkh htxloleulxp fruuhvsrqghqfh wkdw frqyhujhv
prqrwrqlfdoo|/ dqg surylghv d sudfwlfdo phwkrg iru frqvwuxfwlqj wkh htxloleulxp fruuhvsrq0
ghqfh1
<1 Dsshqgl{
Surri ri Ohppd 5= Ohw  ' iE&c|c￿c|j"
|’f eh d ihdvleoh wd{ srolf| dqg iE|cS |c& |n￿j"
|’f
eh d Zdoudvldq htxloleulxp ri K‘E&fc1 Zh zloo vkrz wkdw wkhuh h{lvwv & : f vxfk wkdw
&|n￿  & zkhqhyhu &|  &/ iru doo |  f1 Vlqfh wkh surri lv iru dq duelwudu| ihdvleoh wd{ srolf|/
lw lv hqrxjk wr fkhfn wkdw li &f  &/w k h q&￿  &1










fcr iru zklfk &r
￿ 	& r
f1
75Vxssrvh uvw wkdw *4?ur<" r
f*&r
f 	 41 Wkhq/ wkhuh h{lvwv d vxevhtxhqfh iru zklfk
wkh deryh oderu wr fdslwdo udwlr uhpdlqv xqlirupo| erxqghg deryh/ dqg zlwkrxw orvv ri jhq0
hudolw| zh fdq dvvxph wkdw dorqj wkh vxevhtxhqfh/ r
f*&r
f $ o/ iru vrph o  f1 Dorqj wkdw
vxevhtxhqfh/ &r
f $ f/ zklfk lpsolhv wkdw r










f $ s￿Eco : f
Oderu wd{hv duh xqlirupo| erxqghg deryh e| 	/ vr diwhu0wd{ zdjhv lq shulrg 3 duh
erxqghg ehorz e| E  s￿Eco*2 : f/v d | /i r ur vx!flhqwo| odujh1 Exw vlqfh &r
f $ f dqg
r
f $ f/ Sr
f  sE&r
fc r
f $ f1 Khqfh/ ￿Er
fcS r
f $ f e| dvvxpswlrq +D5,1 Wkhuhiruh/ iru dq|
srvlwlyh frqvwdqw / dorqj wkh vxevhtxhqfh/ ￿Er
fcS r





zklfk lv srvlwlyh e| dvvxpswlrq +D5,1 +Uhfdoo wkdw wkh exgjhw frqvwudlqw lpsolhv wkdw & '
sE&c lv dq xsshu erxqg rq frqvxpswlrq1, Vxssrvh wkh krxvhkrog zrunv d olwwoh kdughu lq


























f iru doo r/ zh dovr kdyh wkdw &r




76E| dvvxpswlrq +D6,/ vlqfh s& lv krprjhqhrxv ri ghjuhh 3 dqg &r
f*r






















































￿  :f/ dqg e| dvvxpswlrq +D5,/ SEr
fcS r
f  LS1 Wklv lv d frqwudglfwlrq=
iru odujh hqrxjk r/ wkh krxvhkrog zrxog suhihu wr vdyh pruh lq shulrg 3 dqg frqvxph wkh
dgglwlrqdo lqfrph lq shulrg 41 Vlqfh Sr
f : f wkh krxvhkrog fdq vdyh pruh lq shulrg 31 Iru hdfk
dgglwlrqdo groodu lw vdyhv/ lwv xwlolw| ghfuhdvhv e| dw prvw LS lq shulrg 31 Krzhyhu/ lq shulrg 4/
hdfk dgglwlrqdo groodu lqyhvwhg lqfuhdvhv wkh krxvhkrog*v xwlolw| e| dw ohdvw Es&E&r
￿c r
￿/
zklfk whqgv wr 4 dv r $4 1
Surri ri Wkhruhp 4= E| ghqlwlrq/ iru hdfk & 5 d&c&o dqg E6c 5 E`E&/w k h u h
h{lvw ixqfwlrqv &c￿ccSc& nc6 nc n Gd f co $ + vxfk wkdw iru hdfk % 5 dfco/ wkh wxsoh




[E&cE&c￿ccSc& nc6 nc nE% _%
77Dv dujxhg lq wkh irrwqrwh ehorz/ wkh ixqfwlrqv fdq eh dvvxphg wr eh phdvxudeoh/ dqg vr
wkh h{shfwhg ydoxh lv zhoo ghqhg144 Ohw  eh d pds wkdw iru hdfk E&c6c 5 judskEE`
vhohfwv d ixqfwlrq E&c6cGd f co $ +. vxfk wkdw iru hdfk % 5 dfco/ E&c6cE% lv dq





Iru hdfk %/ E&c6cE% lv d :0glphqvlrqdo yhfwru/ zkhuh/ iru h{dpsoh/ lwv uvw frruglqdwh
￿E&c6cE% uhsuhvhqwv wkh fdslwdo wd{ udwh &E% ri wkh wxsoh1
Iru hdfk E&fc6 fc f 5 judskEE` zh qrz frqvwuxfw d v|pphwulf vwudwhj| suroh





￿cfE%fG 'E ￿c 2E&fc6 fc fE%fc
dqg ohw









￿cfE%f G' E￿c ec DE&fc6 fc fE%f
Iru E&cfc￿cf 9'E W
&cfcW
￿cfE%f/o h w
	 j￿E&fc6 fc fEfE%fc&cfc￿cfG '`.
WE&fc&cfc￿cfc
zkhuh `.W zdv lqwurgxfhg lq wkh ghqlwlrq ri dgplvvlelolw|1 Wklv vshflhv wkh shulrg | 'f
vwudwhjlhv1 Iru | 'dqg duelwudu| klvwru| f/o h w&￿EfG 'VE&fc f/ dqg ghqh E6￿c ￿Ef
44E| Fdudwkhrgru|*v wkhruhp/ wkh ixqfwlrqv fdq lq idfw eh dvvxphg wr eh slhfhzlvh frqvwdqw/ wdnlqj rq rqo|
wkuhh ydoxhv1 Vlqfh +p>y, 5 fr+EU+Z,,/ wkhuh h{lvw wkuhh sdluv +pm>y m, 5 EU+Z, dqg fruuhvsrqglqj zhljkwv
m 5 ^3>4`/ m @4 >5>6/ vxfk wkdw +p>y,@
S
l+pl>y l, dqg 4 . 5 . 6 @4 1 Vhohfw wkuhh dgplvvleoh wxsohv

m 5 U: vxfk wkdw +
m,@+ pm>y m,/ m @4 >5>6/ dqg ohw L4 =@ ^3> 4`/ L5 =@ +4> 4 . 5,/ L6 =@ ^4 . 5>4`1
Wkhq zh fdq pdnh +n+{,>c+{,>c+{,>f+{,>n .+{,>p .+{,>y .+{,, @ 
m iru hdfk { 5 Lm1
78dv iroorzv1 Li qhlwkhu krxvhkrogv qru wkh jryhuqphqw kdv revhuydeo| ghyldwhg= E&cfc￿cf'
EW
&cfcW
￿cfE%f dqg EfcS fc& ￿'E ￿c ec DE&fc6 fc fE%f/o h w
E6￿c ￿E
fG 'E Sc .E&fc6 fc fE%f
Li E&cfc￿cf 9'E W
&cfcW
￿cfE%f exw EfcS fc& ￿'E ￿c ec DE&fc6 fc fE%f +wkh jryhuqphqw





zkhuh/ djdlq/ W lv lqwurgxfhg lq wkh ghqlwlrq ri dgplvvlelolw|1 Rwkhuzlvh/ ohw E6￿c ￿Ef
eh dq duelwudu| hohphqw ri `E&￿1 +Lw grhvq*w pdwwhu zklfk hohphqw lv fkrvhq vlqfh wklv fdvh
uhtxluhv wkh vlpxowdqhrxv ghyldwlrq ri d srvlwlyh iudfwlrq ri djhqwv/ dqg dv zh glvfxvvhg hduolhu/
vxfk d fdvh lv luuhohydqw iru fkhfnlqj krxvhkrogv* lqfhqwlyhv1, Qrwh wkdw vlqfh E&fc6 fc fE%f
lv dq dgplvvleoh wxsoh z1u1w1 ` e| frqvwuxfwlrq dqg `  E` e| dvvxpswlrq/ zh kdyh wkdw
E&￿c6 ￿c ￿Ef 5 judskEE`/ dqg wkxv EE&￿c6 ￿c ￿Ef lv dovr zhoo ghqhg1 Khqfh/ zh
fdq ghqh wkh dfwlrqv iru wkh jryhuqphqw dqg wkh krxvhkrogv dw | 'iru hdfk E&￿c6 ￿c ￿Ef/
f 5 ME&fcf lq d vlplodu idvklrq1 Frqwlqxlqj wklv zd|/ zh fdq uroo rxw wkh hqwluh vwudwhj|
	 jE&fc6 fc f1
Wklv uhfxuvlyh surfhgxuh hhfwlyho| ghqhv d idplo| ri v|pphwulf vwudwhj| surohv/ rqh
iru hdfk E&fc6 fc f 5 judskEE`1 Zh uvw vkrz wkdw hdfk 	 jE&fc6 fc f lv dq VVH1 Qrwh
wkdw iru dq| E&fc6 fc f 5 judskEE`/ shulrg |/ dqg klvwru| |3￿/ wkhuh h{lvwv E&￿c6 ￿c￿ 5
judskEE` vxfk wkdw wkh frqwlqxdwlrq vwudwhj| lqgxfhg e| 	 jE&fc6 fc f diwhu |3￿ lv
	 jE&￿c6 ￿c￿1 Wkhuhiruh/ wr fkhfn wkdw wkh krxvhkrogv* lqfhqwlyh frqvwudlqwv +frqglwlrq +5,
ri dq VVH, duh vdwlvhg/ lw lv hqrxjk wr fkhfn wkdw iru hdfk E&fc6 fc f 5 judskEE`/
li iE&c|c￿c|c |cS |c& |n￿j|Df lv wkh rxwfrph sdwk ri 	 jE&fc6 fc f/ wkhq iE|cS |c& |n￿j|Df lv d
79Zdoudvldq htxloleulxp ri K-
‘E&c/ zkhuh  ' iE&c|c￿c|j|Df1 Exw/ e| frqglwlrq +4, ri dgplv0
vlelolw|/ wkh frqvxpswlrq sdwk vdwlvhv wkh Hxohu frqglwlrqv iru sureohp E-/ dqg wkhuhiruh/
e| Ohppd 2￿/ lw lv lqghhg d Zdoudvldq htxloleulxp iru K-
‘E&c1
Zh qh{w vkrz wkdw E6fc f'x E &fc 	 jE&fc6 fc f iru doo E&fc6 fc f 5 judskEE`1
Il{ E&fc6 fc f 5 judskEE`/ dqg iru hdfk %f 5 dfco/ ohw
E&cfc￿cfc fcS fc& ￿c6 ￿c ￿E%f'E&fc6 fc fE%fc dqg











&cfE%fs&E&fc fE%fSEfE%fcS fE%f _%f 'x ￿E&fc 	 jE&fc6 fc f
Dovr/
xCE&fc 	 jE&fc6 fc f '
] ￿
f
iE  qdEfE%fcS fE%f n }ECE%fo
n qxCE&￿E%fc 	 jE&￿E%fc6 ￿E%fc ￿E%fj _%f
Khqfh/
mf  xCE&fc 	 jE&fc6 fc fm 4@ 
E&nc6nc￿n￿M judskE‘￿
q mn  xCE&nc 	 jE&nc6 nc nm
Vlqfh `  E` dqg wklv lqhtxdolw| krogv iru doo E&fc6 fc f 5 E`/
7:4@  E&fc6fc￿f￿MjudskE￿E‘￿￿mf  xCE&fc 	 jE&fc6 fc fm
 q
k
4@  E&nc6nc￿n￿MjudskE￿E‘￿￿mn  xCE&nc 	 jE&nc6 nc nm
l

Wkhuhiruh/ f 'x CE&fc 	 jE&fc6 fc f iru doo E&fc6 fc f 5 judskEE`1
Ilqdoo|/ frqglwlrq +6, ri dgplvvlelolw| lpsolhv wkdw wkh jryhuqphqw frqvwudlqwv +frqgl0
wlrq +4, ri dq VVH, duh vdwlvhg1
Zh qh{w suryh wzr ohppdv/ zklfk frpelqhg hvwdeolvk Wkhruhp 51 Il{ rqfh dqg iru doo
dq duelwudu| xvf ydoxh fruuhvsrqghqfh `1 Vlqfh judskE` lv frpsdfw/ wkhuh h{lvw /  5 +c
vxfk wkdw
`E& 5 dfc6o  dco iru doo & 5 d&c&o
Ohppd :1 judskE-E` lv erxqghg1
Surri1 Slfn dq| & 5 d&c&o dqg dq| wxsoh 1 'E &c￿ccSc& nc6 nc n dgplvvleoh z1u1w1 ` dw
&1 Iurp Ohppd 6 +Ohppd ￿,/ zh kdyh wkdw [￿E&c1 5 dfc6o1
Vlqfh 1 lv dq dgplvvleoh wxsoh z1u1w1 `/ EcSc&n pxvw vroyh +|, zlwk sdudphwhuv
E&c&c￿c6 n +dqg R& ' s&E&c dqg R￿ ' s￿E&c,1 Vlqfh 6n  f/ dqg vlqfh qrw zrunlqj/
qrw frqvxplqj/ dqg qrw vdylqj lv ihdvleoh/ wkh remhfwlyh ixqfwlrq ri E| fdq eh qr orzhu wkdq
Efcf +zklfk lv qlwh e| dvvxpswlrq,1 Wklv lpsolhv wkdw
EcS  Efcf  q 6&
Khqfh [CE&c1 5 dncno/ zkhuh
n G' E  qdEfcf  q 6& n }Efo n q
n G' E  qdEfc&n}E&o n q 
7;Wkhuhiruh/ judskE-E`  d&c&o  dfc6o  dncno1
Ohppd ;1 judskE-E` lv forvhg1
Surri1 Slfn dq| vhtxhqfh iE&kckjk vxfk wkdw k 5 -E`E&k iru hdfk k dqg E&kc k $
E&Wc W1 E| ghqlwlrq/ iru hdfk k wkhuh h{lvwv d wxsoh 1
k 'E k
&ck














kjk  dco2dfcod&c&o2dfc6odco/ zh fdq dvvxph zlwkrxw orvv ri jhqhudolw|
wkdw wklv vhtxhqfh frqyhujhv wr d wxsoh 1
W 'E W
&cW
￿c WcS Wc& W
nc6 W
nc W
n1 E| frqwlqxlw|/ lw lv
hdv| wr yhuli| wkdw 1
W lv dgplvvleoh z1u1w1 ` dw &W dqg

W '[ E &c1
W
Khqfh/ E&Wc W 5 judskE-E`/ dqg judskE-E` lv forvhg1
Wkh suhylrxv wzr ohppdv hvwdeolvk wkdw judskE-E` lv frpsdfw1 Khqfh/ -E`
lv xvf1 Vlqfh E`E&'frE-E`E&/ zh dovr kdyh wkdw E`E& lv frpsdfw iru doo
& 5 d&c&o/ dqg wkdw judskEE` lv frpsdfw1 Wkhuhiruh/ E` lv xvf/ zklfk hvwdeolvkhv
Wkhruhp 51
Dojrulwkp= Zh qrz glvfxvv sudfwlfdo dvshfwv ri wkh dojrulwkp*v lpsohphqwdwlrq1 Wkh uvw
lvvxh zh qhhg wr frqiurqw lv wkh uhsuhvhqwdwlrq ri wkh judsk ri d ydoxh fruuhvsrqghqfh `1
Lq jhqhudo d suhflvh ghvfulswlrq ri d vhw lv qrw +qxphulfdoo|, srvvleoh1 Zh xvh wkh idfw wkdw
hdfk `E&/ & 5 d&c&oc lv d forvhg frqyh{ vhw/ dqg wkxv `E& lv htxdo wr wkh lqwhuvhfwlrq ri
7<doo forvhg kdoi0vsdfhv wkdw frqwdlq lw1 Khqfh/ wkhuh h{lvwv d ixqfwlrq @ Gd &c&o  dZcZ $ +
vxfk wkdw
`E&'iE6c m ULtEw6 n t?Ew  @E&cw iru doo w 5 dZcZj
Wkh ydoxh @E&cw lv wkh glvwdqfh iurp wkh ruljlq ri wkh vxssruwlqj k|shusodqh zkrvh qrupdo
lv wkh xqlwdu| yhfwru EULtEwct?Ew1
Lq wkh qxphulfdo dojrulwkp/ zh ghqh d julg i&￿cc& Uji w￿ccw aj rq d&c&o 
dZcZ dqg frqvwuxfw wkh pdwul{  'd @￿￿o/ zkhuh @￿￿ ' @E&￿cw ￿1 Vlqfh wkh julg lv qlwh/ zh
rqo| jhw dq rxwhu dssur{lpdwlrq iru hdfk vhw `E&￿=
`E&￿ iE6c m ULtEw￿6 n t?Ew￿  @￿￿ iru doo  ' ccaj
Iru lqwhuphgldwh ydoxhv ri & zh xvh +olqhdu, lqwhusrodwlrq wr rewdlq dq dssur{lpdwlrq ri `E&1
Wkh qxphulfdo lpsohphqwdwlrq ri wkh pds  wkhq wdnhv dq Ua pdwul{ / uhsuhvhqwlqj
d fruuhvsrqghqfh `/ lqwr dqrwkhu pdwul{ uhsuhvhqwlqj E`1 Wr vlpsoli| wkh dojrulwkp/ zh
rqo| frqvlghu ydoxhv ri E&c￿ rq d jlyhq qlwh julg +wklv fdq eh ylhzhg dv d jhqxlqh srolf|
uhvwulfwlrq,/ dqg ydoxhv ri 6n lq dqrwkhu qlwh julg1
Uhihuhqfhv
^4` Deuhx/ G1 4<;91H{wuhpdo Htxloleuld ri Roljrsrolvwlf Vxshujdphv/ Mrxuqdo ri Hfrqrplf
Wkhru| 6<= 4<455;1
^5` Deuhx/ G1 4<;;1 Wrzdugv d Wkhru| ri Glvfrxqwhg Uhshdwhg Jdphv/ Hfrqrphwulfd 89=
6;6<91
^6` Deuhx/ G1/ G1 Shdufh/ dqg H1 Vwdffkhwwl1 4<;91 Rswlpdo Fduwho Htxloleulxp zlwk Lp0
shuihfw Prqlwrulqj/ Mrxuqdo ri Hfrqrplf Wkhru| 6<= 5849<1
83^7` Deuhx/ G1/ G1 Shdufh/ dqg H1 Vwdffkhwwl1 4<<31 Wrzdugv d Wkhru| ri Glvfrxqwhg Uh0
shdwhg Jdphv zlwk Lpshuihfw Prqlwrulqj/ Hfrqrphwulfd 8;= 4374971
^8` Dwnhvrq/ D1 4<<41 Lqwhuqdwlrqdo Ohqglqj zlwk Prudo Kd}dug dqg Ulvn ri Uhsxgldwlrq/
Hfrqrphwulfd 8<= 439<<31
^9` Ehqkdele/ M1 dqg D1 Uxvwlfklql1 4<<:1 Rswlpdo Wd{hv Zlwkrxw Frpplwphqw/ Mrxuqdo
ri Hfrqrplf Wkhru| ::+5,= 5648<1
^:` Ehujh/ F1 4<961 Wrsrorjlfdo Vsdfhv1 Qhz \run= Pdfploodq1
^;` Fkdpoh|/ F1 4<;91 Rswlpdo Wd{dwlrq ri Fdslwdo Lqfrph lq Jhqhudo Htxloleulxp zlwk
Lqqlwh Olyhv/ Hfrqrphwulfd 87= 93:551
^<` Fkdqj/ U1 4<<;1 Fuhgleoh Prqhwdu| Srolf| zlwk Orqj Olyhg Djhqwv= Uhfxuvlyh Ds0
surdfkhv/ Mrxuqdo ri Hfrqrplf Wkhru| ;4+5,= 7649:1
^43` Fkdul/ Y1 dqg S1 Nhkrh1 4<<31 Vxvwdlqdeoh Sodqv/ Mrxuqdo ri Srolwlfdo Hfrqrp| <;=
:;6;351
^44` Fkdul/ Y1 dqg S1 Nhkrh1 4<<6d1 Vxvwdlqdeoh Sodqv dqg Ghew/ Mrxuqdo ri Hfrqrplf
Wkhru| 94= 563941
^45` Fkdul/ Y1 dqg S1 Nhkrh1 4<<6e1 Vxvwdlqdeoh Sodqv dqg Pxwxdo Ghidxow/ Uhylhz ri
Hfrqrplf Vwxglhv 93= 4:8<81
^46` Frqnolq/ M1 dqg N1 Mxgg1 4<<91 Frpsxwlqj Ydoxh Fruuhvsrqghqfhv iru Wzr0Sod|hu
Jdphv zlwk Vwdwh Yduldeohv/ plphr/ Krryhu Lqvwlwxwlrq1
84^47` Mxgg/ N1 4<;81 Uhglvwulexwlyh Wd{dwlrq lq d Vlpsoh Shuihfw Iruhvljkw Prgho/ Mrxuqdo
ri Sxeolf Hfrqrplfv 5;= 8<;61
^48` N|godqg/ I1 dqg H1 Suhvfrww1 4<::1 Uxohv Udwkhu wkdq Glvfuhwlrq= Wkh Lqfrqvlvwhqf|
ri Rswlpdo Sodqv/ Mrxuqdo ri Srolwlfdo Hfrqrp| ;:= 7:6<51
^49` Shdufh/ G1 4<;:1 Uhqhjrwldwlrq0Surri Htxloleuld= Froohfwlyh Udwlrqdolw| dqg Lqwhuwhp0
srudo Frrshudwlrq/ Frzohv Irxqgdwlrq Glvfxvvlrq Sdshu Qr1 ;881
^4:` Shuvvrq/ P1/ W1 Shuvvrq/ dqg O1H1R1 Vyhqvvrq1 4<;:1 Wlph Frqvlvwhqf| ri Ilvfdo dqg
Prqhwdu| Srolf|/ Hfrqrphwulfd 8= 474<641
^4;` Urjr/ N1 4<;<1 Uhsxwdwlrq/ Frruglqdwlrq/ dqg Prqhwdu| Srolf|/ lq Prghuq Exvlqhvv
F|foh Wkhru|/ hg1 U1 Eduur1 Fdpeulgjh= Kduydug Xqlyhuvlw| Suhvv1
^4<` Vwrnh|/ Q1 4<;<1 Uhsxwdwlrq dqg Wlph Frqvlvwhqf|/ Dphulfdq Hfrqrplf Uhylhz :<=
4676<1
^53` Vwrnh|/ Q1 4<<41 Fuhgleoh Sxeolf Srolf|/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro
48= 95:8:1
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